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SUMMARY

With the advent of missiles, and rapid develop-
ments in conventional sircraft toward trans- and super-
sonic flight, an understanding and design imowledge of
dynamic behavior is of increasing laportance. Fundamental
ressarch in the development of new methods and techniques
for the determination of dynamic characteristics in flight
was initlated some three years ago through the joint ef-
forts of the Alr Materiel Command and what 1s now the Cornell
Aeronautical Laboratory. The present report presents the
detalled results of a particular phase of this general pro-
Z . i

A series of flight tests has been completed during
which the dynamic response characteristics of an airplans to
two different types of elevator mot fon were determined.
These slevator.motions were so chosen that they would be
amenable to mathematicdl analysis and it was therefore pos-
sible to compare the experimental data with cslculated re-
sponse characteristics. Convenient forms of the equations
of the motion of an alrplane in its plane of symmetry have
been developed and are included In this report.

It 15 shown that, based upon the well verified
assumptions that the chenge of speed during control moments
of normal rapidity is of negliglbie importance, the re-
sponses of the airplane may be obtained from expressions
rasembling that of the motion of a viscous damped, spring
restrained mass.

The response characteristics of the airplane were
measured during steady sinusoidal oscillations of the elevator
“and following abrupt (step) deflections of the elevator. Com-
parison of the experimentally determined response cnaracter-
istics during sinusoidal oscillations with calculated responses
indicated generally good agreement. However, the measured
values of both the spring stiffness and the dauping coefficilent
of the airplane were somewhat higher than the predicted values.
An epparent lag betveen the motion of the airplane and the de-
flection of the elevator was found to' exist during a number of
the sinusolidal oscillations. A satisfactory explanation of this
characteristic has not been advanced at the pressnt time. An-
other characteristic for which no explanation has yet been 2
found is an increasing apparent value of the stability deriva- ~
tive Zy (which 1s directly proportional to the slope of the lift




curve of the airplane) as the frequency of the oscillation

is increased. The transient responses follcwing a step deflec-
tion of the elevator =2grcs reasonably well with calculated re-
sponses. A time lag between the response of ‘he airplane and
the abrupt deflection of the elevator was noted.

A modffied automatic pllot was used to obtain the
desired elevator motion. The sinusoldal elevator deflection
was superimposed on the normal etabilizing #ction of the auto-
matic pilot so that the mean speed and flight path were main-
tained constant during the oscillation. During the step man-
euver the slevator was moved to a new position and was held
fixed iIn this position by the automstic pilot for the duration
of the maneuver.

It i3 ooncluded tHat these tests confirm the feasi-
bility of obtaining the dynamic longitudinal reszponse characteristics
of an airplane during flight by the selection of approprizte time
histories of elevator movement.




INTRODUCTION

. The results of a series ol tests which have been conducted
by the Flight Research Department of Cormell Aeronautical Laboratory
to deternine the dynamic lonzitudinal stability and control chmacter-
istics of an airplane by the forced oscillation technique are given
in this report and these results are compared with calculated re-
sponse characteristics. The responses of the airplane to step deflec-
tions'of the slevator were also determined. The data reported herein
are a purt of those obtained during = extensive program of dynamic
response measurements which is being carried out for the Aircraft ° -
Laboratory at Wright Field, under Cuntract No. W33-038-ac-14248, and
covers all dynamiz longitudinal teets made using a Speiry A-12 auto-
matic pilot as a mechanism for oscillating tha elevator of the air-
plane. A B-25J medium bombardment airplane was used for all tests.

It has been shown both experimentally and thevretically
that the variation of speed which occurs during movements ‘of the
controls at normal rates is very small, and that this minor speed change
has a negligible effect on the motion of the airplane. This permits
considerable eimplification of the theory of the motion of an airplane
following movement of its elevutor cohitrol, and convenient forms of the
equations of motion of an airplane in its plane of symmetry are given
in the appendices based on this assumption. These show that the vari-
ations of the normal acceleration and pitching velocity of an airplane
may be expressed by ceccond order differential equations analogous to
the equation of motion of a Bpring restrained mase with viscous damping.
This concept of effective asoring stiffness and damping permits the
construction by simple mesns of frequency response curves giving the
amplitude and phase characteristics of ths airplane in terms of the msg-
nitude of the sinusoidal forcing function ¢(wuich, in the case under con-
sideration, 1s proportional to the elsviuior deflection) and its fre-
quency. As is discussed in references (1) and (2), the analysis of the
stabilily of closed loop dynamic systems (such as an airplane or missile
equipped with an automatic pilot) is facilitated by the use of such fre-
quency response data. Furtharmore, the response to a step application
of elevator deflection (forcing function) may be obtained quite simply
from the second order system described and thie response may be used in
conjunction with the Duhamel integral for commting the response of the
airplane correeponding to an arbitrary zovement of the elevator.

The present flight investigation was undertaken in order to
obtain a full scale flight check of the validity of the usual assump-
tions contained in theoretical treatments of the dynamic longitudinal
atability of aircreft, and to develop a method for measuring the sta-
bility sharacteristica of airplanes and other flying devices for which




relisble stability parameters may not be available or cannot be ob-
tained conveniently by theoretical analysis or wind tunnel testing.
The frequency response curve of an aircraft (which is used as des-
cribed in references (1) and (2) to investigate the stability char-
acteristics of a combination of automatic pilot and airplane) may be
obtained directly by this experimental technique. The forced oscil-
lations method is thus of considerable utility in determining the re-
sponse characteristics of gn airplane.

The equations of motion of the alrplane hzve been treated
in terms of dimensional stabllity derivatives throughout this report.
Although non-dimensionalized forms of the stability equations are in
general use, it 1s thougut that the dimensional fora employed herein
facilitutes the interpretation of the equations. It is realized that,
to ease coupurison of the characteristics of airplanes of varlious
sizes flying at different speeds and altitudes, the non-dimensional
form is preferable. However, since the present tests were confined
to tests of a single airplane at one altitude, it is beileved that the
dimensional form is advantageous in this case.




INDEX OF SYMBOLS, DEFINITIONS AND CONVENTIONS

Wing epan - ft.

(ORRVN

« Equivalent control fixed airplane damping coefficient - 1/sec.

Equivalent control free airplane-.damping coefficieat - 1/sec.

o o
"

= Mean aerodynamic ohord of wing - £t, e

Elevator chord - ft.

S
o
"
1

C.?, = Canter of gravity.
HIME

C:{ w 7,7~ ;/+ - Elevator hinge moment coefficient.
% %Cs U
C}i% = "Cﬁy/ - Elevator hinge moment ooefficient due to
JCX£ angle of attack of the tail.

Elevator hinge moment coefficient due to
slevator deflection.
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Airplane 1ift coefficient.

=
L,nm = clffgtzl‘ - Airplane pitching moment ocoeffioient.

O
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5 u3 - Horizontal tail lead coeffizient.
%

Differential operator « %__

dt
« Force or function - general.
u Frequency - cyclee/hec.

Acceleration due to grevity » 32.2 ft./sec.2.

39.9 —
n "

Elevator hinge moment - 1b. ft.

HME

Airplare moment of inertia about the y axis - glug £t.2,
Bquivulent'oontrol fixed airplane spring oonstant - 1/300.2.

g i
i
ﬁ:/z Equivalent control free airplane spring.constant - 1/500.2.
ﬂ{ = Tail length - ft. (oonsidered positive).

M =

Moment abcut the y axis - 1b. ft.

L M X| =
lﬁ%- {% I y § 1/“?'




oM /
LS ™ x /'[‘j 5 1/I‘t. - sec.

’ /\7& - I)M/auv = ’/I , 1/ft. - sec.
1

1 o= BM/O/«A‘ % %[‘(1 ; 1/_'&.ec.2.

I

M = Mass of airplane slugs.

3Cw
s "1-3/&( - Normal force slope of the horizontal taii.
<

I’vah = Miles per hour.

N « Normal horizontal tail load - 1lbs.
o

N
~o
"

Acceleration along the &£ axis at the ¢. g. (normal
acceleration) - ft./sec.?.

= Acceleration along the x axis - ft./sec.2,

o
= *@ =~ Angular velocity about®the y axis.
= Wing area - £t.2,

e Horizontal tail area - f£t.Z.

= Period of oscillaticn - seconds.

Time -~ seconds.

",

t

S

¢

..\e = Elevator area, aft of hinge line - ft.2,

7

2

M True airspeed - ft./sec.

A¢ = Velocity inorement mlong the y axie - ft./sec.
(2

AL

.« du/dt - Aoceleration.increment along the x axis due to
changes in u. ~ ft./sec.2,

) « Velocity increment elong the Z axis - ft./sec.

>
u)': d'/dt - Acceleration increment along the axis due to
changes in w - ft./se0.2,

X = Force along the x axis - 1lbs.

3% % ‘m - ft./sec.
K 4@ Ny

g X .'a%}bx ’/rn_ -l/aeo.
)(AU 2 b% X yhl - 1/sec.
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XJ & Dx/a)- A l//m - ft./sec.2.

J"/aé x '/m - ft./sec.2,

2 n Force along the u axis - 1bs.

>
n

az?/:,)’% U 2 dae,
b’f/al . Y
. az/aw, i I/m - 1/sec.

3{3/5 x Ven o pe et
Zy 2580

=40
]

NN
£

1/sec.

- ft./sec.2,
Greek Symbols
” -
()( = Wing angle of attack - degrees d® radjanms. 3
CJ({ » Angle of attack of the horizontel tail - degrees off radians.

- Vv

= Elevator deflection - dagrecs oif radiens.

= Angle of downwash - degrees or radians.

= Inclination of x axis with respect to the horizontal - degrees

gﬁ'radians.

due to elevator deflection.

= (ACXE// 3 = Effective change of tail angle of attack
287C,
t

= Mass density of air - slugs/ft.3.

AN > Om O
"

(o]

Sea level value of air density a 0.002378 slugs/ft.s.

Density ratio = ¢ A?o

; ;o AT
Phase angle - general - Phase relations indioated by ‘(om et -
i wolecpd wysli, 2y

« 9

Angular frequency - radinns/ﬁec.

s

A bar placed cver a variable indicates the maximum value
of that variable during an osoillation. The amplitude may be either
positive or negative, i.e. § {s the maximum amplitude of the normal
acoeleration during an oscillation end may be either positive or negutive.




Vertical bars placed arcund a variable indicate the positive
velue of that variable, i.s. /RN is the positive value of the normal
acceloretion at a given instant. Thus denotes the positive maxlmum
value of the normal acoeleration during an oscillation.

A dot plaoced over a variable indicates its derivative with re-

spsot to time. Two dots indicate the second derivative with respect to
time, heuce % « dn/dt and T « d2n/dt2, etc.

SIGN CONVENTIONS

Axes
x axis, or longitudinal axis, éoni+*vc forward.
y axis, prgitive along right wing.

Z’axia, positive downward.

Linear ﬁiaplacemanta

'

A linear displacement along a positive reference axis is con=-
sidered to be positive.

Angular Displaocsments

An angular displacement which is clockwise when viewed from the
origin looking along a positive reference axis is considered to be positive.

Velocities and Accelerations

Velocities and accelerations, either linear or angular, are con-
sidered positive in the gamc sense as the corresponding displacements,

Control Surface Deflections

Positive elsvator angle is assoclated with a downward movement
of the slevator treiling edgs.
Hinge Moment 5
) cafccféfk't""fac 3

Positive elevntoqﬂhingo moment is that which tends to move the
elevator in a trailing edge downward direction.




EQUIPMENT, INSTRUMENTATION AND METHOD OF TEST

All flight temts were oonduoted using a North Amsrioan B-26J
medium bombardment airplans. Liis airplane is a midwing, twin-engine
monoplane powered by Wright R-2600-29 two-speed supercharged engines
driving 3 bladed Eamilton Standard oconstant speed hydromatio 8358A-18
propellers. Fig. 1 is a photograph of this airplane, and a 3-view draw-
ing of the airplane is inoluded as Fig. 2. A tabulation of the primary
physioal charaoteristios of the airplane is given in Table I. All arma-
ment was removed from the airplans. The standard pitot tube installation
was replaced by an NACA type free swiveling statio tubs and shielded total
head tube mounted on a boom nesr the right wing tip.

- A Sperry A-12 autamatio pilot was installed in the airplane, and
was suitably modified to permit using the autamatio pilot as a meochanism
for moving the elevator as desired. The sinusoldal osocillation of the ele-
vator was obtained by feeding an osoillating voltage signal into the ele-
vator position follow-up oirocuit so that a sinusoidal voltage was applied
to the elevator servo. The sinusoidal volteze eignal was produoced by ro-
tating an autosyn transmitter. The rotationel velooity of the autosyn was
varied to modify the elevator oeoillation frequenoy, and the voltage output
of the mechanioal oscillator was varied to ocontrol the amplitude of the
oscillation of the elevator. ’

The signal from the meochaniosl osoillator was superimposed on
the normal rate and displacement signals from the vertioal flight gyro of
the automatio pilot. Thus the automatio pilet remained in operation dur-
ing the osoillation, and the mean {light path of the airplane remsined
oonstant. The operation of the stablilizing elements of the automatic pi-
lot resulted in a phase shift between the osoillator signal and the sle-
vator motion, and a modificktion of the amplitude of elevator osoillation
for a given osoillator voltagé output. However, sinoe the responses of
the airplane are referred to the elevator motion throughout this report,
the phase shifts and amplitude modifioations due to the functioning of
the automatio pilot are frrdevant. It was found necessary to oontrol the
mean flight path by leaving the automatio pilot in operation in order to
prevent the speed of the airplane from slowly oharging from the desired
value during an osoillatiom.

The step defleotion of the elevator was obtained by removing all
asignals from the vertioal flight gyro to the elevator servo is steady flight
at the desired speed and replaoing the gyro signal with a oonstant voltage
which maintained the elevator ‘at the positicn necessary to maintain steady
rectilinear flight at the desired speed. The airplane was thus triamed in
steady flight without automatio stabilisation about the lateral axis.
(Autamatio oontrol was maintained about the lengitudinal and vertioal axes).
The step defleotion of the elevator was then acoomplished by suddenly apply-
ing » voltage to the elevator servo circuit. This voltage was meintained at
& constant value for the deviation of the manseuver, and thus the elevator
was maintained at a fixed defleotion from its initial position.

A}

The flight test data were reocordsd by a phkoto observer and a
Consolidated Ehgineering Corporation recording osoillograph. Airspeed,
altitude, and engine opers ting oonditions were taken from the photo observer
record. The following quantities were recorded on the osoillographt
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1. HNormal acoeleration.
2. Longitudiral scceleration.
. Elevator angle.

4. Pitch angle,.

\
5. Elevator hinge moment.

6. Horizontal tail load.

The normal and longitudinal acceleratiuns were measured by Con-

solidated Engineering Corporation reluctance type electrical accelerometer
pick-ups whose signals®were emslifiel by electron

ic amplifiers before being
fed into the galvanometers of the oscillograph.

The olevator position was obtained by recording the output of
an autosyn transmitter which was driven by a linkage from the elevator
horu. The pitch angle signal wus taken from the pitch selsyn of a modified
¥inneapolis-Honeywell vertical flight gyro unit which was installed in the
airplane as an attitude reference. The outputs of both the elevator pos-
ition autosyn and the gyro pitch selsyn were amplified before being fed
into their respective galvanometer circuits of the oscillograph,

Elevator hinge moment was obtained by recording the amplified

signal of the unbalance of a Wheatstone bridge cirouit of strain zages which
was installed on the elevator horn.

A totelizing strain gage circuit was installed on tho horisontal
the fuselage bulkheads suppcrting the horirzontal tail. The cir-
cuit was so adjusted that its output was the same for a given loading of

the tail no matter how the load was distributed. This permitted determin-

atior of the tail load from a single signal which was amplified and recorded
on the oscillograph,

tail and

During the oscillation tests the airplane was carefully trimmed
at the desired speed and altitude. The automatio pilot was then engaged,
and the mechanical oscillator was adjusted to oscillate the elevator at
the desired amplitude and frequenoy. After the oscillation of the airplane
wag estavlished at the steady state condition the reccrding equipment was
turned on and from 5 to 15 oyoles were recorded. (The number of cycles
recorded was usually greater at high frequencies than at low frequencies.)
The frequenoy of osoillation was varied from 0.10 to 1.30 oycles per second
in approximately 36 intervala, The double amplitude of the elevator oscil-
lation wae maintained at approximately 20 at all frequencies, -

Oscillation tests were conducted at threoe spoeds and six center
of gravity positions at a pressure altitude of 10,000 feet. Oscillations
were made at center of gravity positions of 22, 24, 26, 28, 30 and 32% MAC 1
at 4 speed of 175 mph EAS. The tests were repeated at center of gravity
positions of 22 and 26% at equivalent airspeeds of 135 and 200 mph.

The response of tho airplkne to a step defleotion of the elevator
was meesured at 175 mph EAS and at oenter of gravity puixtionL of approx-
imately 24, 28, aud 30% MAC.
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The canter of gravity was maintained at the desired position
during all flights by transferring ballast within the airplane during
flight. This was accomplished by pumping water from a tank located near
the ¢. g. to another tarnk in the tail cone of the airplane, or vice versa.

11.
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‘result.

DISCUSSION OF OSCILLATION THEORY

The theory of dymamic stability analysis by the oscillation
method is based upon the fact that the zirplane in flight represents
a mechanicsl system made up of masses with inertia, and influenced by
aerodynanic forces and moments. p

It should be possible to obtain information councerning the dy-
namic characteristics of such a system by inducing forcei oscillations
at varlo.s frequencies and noting the churacteristics of the ensulng mo-
tion. This is a nethod quite common in other fields of science, notably
electrical engineering (reference (3) ).

_ Az applied specifically to the alrplane, thie oscillation
method consists of applying sinusoidally varying aerodynamic -oments by
meuns of the control surfaces, which are oscillated by a suitabiy modified
automatic pilot, at a controllable frequency and amplitude. The pertinent
parumeters of the motiou are then simultanesusly recorded as functions of
time. »

A brief analysis of the oscillation theorv will be presented
here and the significant aspects of this method discussed. For a detalled
mathematical treatment together with a justificution of certain assump-
tions, and complete definitions of various parameters, the reader is re-
ferred to Appendix A. All symbols and conventiona ure as previously de-~
fined.

The er istions for the longitudinal motion of an airplane may
bes written .2 foll--s: A

=

drygé = X+ Xy, (1)
b - Tf = Z U+ 2, o
F MU N ¥ /7; F *&7.:,-. ‘f’}fMS s I}’ (3)

These equations represent the motion of a system having three
degrees of freedom, namely u, w, and q. If it were possible to elimi-
nate one degree of freedom elther by a predetermined interrelation be-
tveen the variables and forcing functions or by confining one's interest
to u regime where the value of a particular varisble 18 negligible in
comparison to the others, a valuable simplification in the analysis would

It is well known that rapid changes in pitch and acoeleration
may taxe place with very small changes in airspeed. Examination of
equations (1), (2), and (3) shows that if the effects of alrapeed change
vere neglected, the problem of analysis would be greatly simplified.
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To justify aa assumptlion that varlations in alrspeed are neg-
ligible, calculations were made to determine the chunge in uirspeed at
various frequencies and its &Ifect in comparison to those of the other
varisbles. Thue effect wazs founl to be small and essentially negligible
as the frequencles approached that for the short period oscillation of
the airplane. The variation in alrspeed [has decreacsed to approximately
0.10 times the change in vertical velociiy w at this point and at a fre-
quency of 0.50 radians/second has Increased to approximately .50, the
changs in w. However thc values of the derivatives dependent upon u .
are st1ll small compared to those dependent upon w and q.

In addition to calculations, flight tests were made in which
the chauge in airspeed and longitudinal acceieration were measured at
different oscillation frequencies ranging from 0.50 to 8.0 radians/second/
The ygrestest change in airapeed occurred at the lower frequency as would
be erpected. Measurements made with a calibrated airspeed indicator
ghowed a maximum chuange at approximately 1.2 MPIl at the lowest frequency,
this change decresasing to £ssentially zero at 3 radians/second. Data
abtained from longitudinal accelerowmeter records showed a maximum air-
speea change of approximately 2.5 ¥MPH at a frequency of 0.50 radians/second,
this change decreasing ‘o essentially zero at a frequency of 5.0 radians/
second. Duta from both sources are zhown in Fig. 3.

It is justifiable therefore to assume that, if the lowest

. vacillation frequency is not appreciably leas than 0.5 radiuns/second,

the changes and rates of change of airspeed ray be neglected in thie
analysis. Thirefore o
w=-a2-=-0

and aquations (1), (2), and (3) become

8 =X A . (4)
e U}/ = Z,w 7 ' (5)
E = Ao s ﬁavf'*‘/%ﬁ,d? + M 5 (6)

. There are now three equations in two unimowns, namely w and g
(or &), since Mc S is an arbitrury forcing function. However only
equations (5) ani (6) are independent, since equation {4) muct ba satis-
fied by the same conditions which satisfy equations (5) and (6).

By differentiation, sultable substitutions and rearranging,

equationz (5) and (6) can be written as
b

(_:_;- = LM} + z;;i— UM&J(;‘ + [?W—MJ - ﬁ/”u.fj wr = UM;S 4]

L

b
3 /— . s 5 o
i Lim fz.wrum,j; +[2ur/"; =My ]f=/1;[§-2w5.7 (8)

It is meen that the ccefficlents of % and q are the same, and
that those of w and q are also identical.




Dimensionaily

b -£L-
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which represents a viscous damping proportional to angular velocity,
divided by a moment of inertls, or & viscous danmping proportional to a
linear velocity, divided by a masa. This term may therefore be con-

sidered as an equiva;enb damping coefficlent, in the analysis of the
airplane motion.

Dimensaionelly
z:’ - LM _7 (’“mm)(/b ;rm)‘ Fect o7 éﬁ—)(/b s“)

which represents a restorinb monent proportional to a rotation, divided

by a moment of inertia, or a restoring force proportional tg a dis-
placement divided by a maegs.

This term may therefore be considered as an
equivalent spring constant in the analysis.

These two terms have been designated es follows

'{Mo"’ + Z,, +UMg] Ecnivalent airplane damping ceefficient (9)

k '[;Zu,/ﬂf ~-é£ﬂ1w57 Equivalent éirplane soring constant (10)

Equations (7) and (8) now become

a}'-r brur +'A/ur 2 L'ﬁqs g

£i./sec.” @
Frof +Ky=5-2,5] e

8ecC.

(12)

Eaclr of theses equations now resembles that of the response of a
slmple single degree of freedom mechanical or electrical system under the
influence of an arbitrary forcing function. The fact that the two im-
portant variables characterizing the airplane longitudinal motion have been
separated into single independent differsntial equations greatly simpli-

fies the analysis, and makes it possible to study the response of each
variable separately.

An additional equation involving the normal uaccelsration may be
obtained by noting that from equation (5)
n o= w - é/jf = (F
-

(13)
bt and making this substitution in equation {11) to obtain,

W kbR 4 K= T2 M8 (14)




The unirplane motion may now be determined in terms of w, g, or n,
in response tc any type of a {orcing function that can be represented
mathematically. The response to a unit step function as discussed later
maxes it posaible to determine the respon:e to any arbitrary forcing func-
tion since any control motion can be rejresented by a =serics of steps.

In wuis section the response to g sinusoidal forcing function
only 1s considerei. Time soluticns for w, n and g in response to a sinu-
ccidal elevator motion, where

S(‘tv) = /§/ S/ wT (15)
are Jderived in Appendix 4. The resuits of these solutions are as
foliowss
— h¢
(= /M = A S/RSASICO S
) o e i [wt e r TR )
!5/ V(/{-w‘j +(bw)
R o —bw N
_)2_(_6) _ UMs Zur o [thtnn/ - u)",j (17)
/S/ ‘J(K—“)J)‘f(bw)‘

. 2 K= A-r.ZL,—ba.)
C'.l?i/ 2 s (412 set2 LA

(z) MY Z o = o -
2O Ml D e sl Rt
—Z o (K-w =

- =S (18)
/81 N(g-w+ (pw)
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The response of the airplane is best stulied by noting the
variation of the amplitude and phase relutionsiips of each variable or
the ratios of variables as a function of frequency. This gives infor-
mation concerning resonances and attenuations of amplitude responses
at various frequencies, and phase relutions which may be interpmpted as

tine lags between various facturs in{the motion. Flight test data show-
ing the experimentul varlation of 47~ and

", 73/ both in amplitude and
phase as functions of frequency are given in this report.

The values of b and k, the equivalent damping oocefficient and
spring constant, aay be readily determined from the: response data by

means of the circle diagram as explained in the following section. The
ability to visualize the motion of tke airplane in the simple termin-
ology of a b and k is of conaiderable value in the application of auto-
matic flight controls to aircraft, in which case it is usually necessary
to make a dynamic analysis of the alrcraft and esutomatic control system
combinution. The advuntage of being able to represent the airplane in
any particular mode of longitudinul motion by a tranafer function of
second degree, greutly simplifies a very complicated problem of analysis.
The term "trunsfor function™ has been defined by Hall (referencze (4) ),
and i8 a complex function relating the input and output of a system.
Thus the sacsierution trunsfer function of the airplane with respect to

15.




the elevator angle, expressed in La Placian operator form (reference (5) )
would be,

n(s) _ YMs Z o (19)
S (S) TSt bS+ K .

or in terms of frequency where s has been repluced by iw

n(w) | UMsEe .o
S(w)  (K-w¥ribw

In addition to the response relations discussed above, the vari-
ations of horizontal tail load and elevuator hinge moment in response to
& sinusoidal elevator motion can be both calculated and messured.

Since the variation of w, n, and q are known with respect to
the elevator angle, it ie possible to determine the vuriztion of w, n;
and g with reapect to total elevutor hinge mozent. This irformation
may be thought of as stlck free dynamic stability data, if it ic assumed
that at the frequencies involved the inertia of the elevator control sys-
tem produces negligible effects, (reference (6) ).

The expression for varlation of horizontal tail load coeffizient
with respect to elevutor ungle has been derived in Appendix A, and cnly
the final resuit will be given here.

w___l’_‘;— = m&‘}z{-rsl sin (u.)f-r—fu.M‘/—_:'
75k 7 . 5) (21)
where
i de X
e UMng(n—ar) é—‘f;f- ~bw (s~ ;—(ﬂ,»yaliw(x_wyj 7(‘,1,3*'(22)
(/T—L:)Q)k —[-.\b u‘).l_
and

5-: {//V;[(K—w*)(/- )-rbw"’?"f‘f‘/‘fs b [= Z oA K-c0 ‘9»5&(23)/1'

Ch=a? )+ (i)

The total elevator hinge mcuent coefficient variation with
elevator angle is given by:

/

, .y C
*C’L = C’:_s’l 5”’-(501‘—#'6'0-?1/5’) (24)
15/
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+ 4y Mg [u) (K-w?) + zu,bwj]
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\S/ (26)

_"C + C‘n( 4 ’.‘ie_ = d 24
4g U[(K'w'?‘-f-(bw)ﬂ u ,S( dx)(‘ )+ Ji « [Z'MS

5o £ Mg ['Z;u‘(‘K’w.‘) rbwﬂ e

e ned for/c = £olloms:
Exprestions are aleo detcrmine or/ch/ ang 4 h/ as follows:
n U /s Z , Y o—bw
= e sin (wT r o Z22) ()
/Ch/ Cng YA “eD*3 (b'wd) Lt
and

A

/C‘i/ J;,SI(K’_Q)J)L_,.(/b/w)L _2w(/(_w,9+6;w2

where b' and k' are relsted

to the expressions b and k
{equations (9) and (13) respectively)

by

8= =[2ur+ Mg U]+ [ g—’: %(’/—%)] = b*[f"'szci' {3"’("5:)1(29)

/ = - ’ ‘Ch d c (30)
K [Zwﬂg—(/ﬁw_j-{-/"]s E‘;—“ /—I:' “ég ?‘_‘)=K+ Msc—_‘-f-‘(/—j-:-ff. z“g
$ s v
A}

A& lmowledge of the variation of horizontal tail load with ele-
vator angle under dynamic conditions is of valuo to the structural de-
signer who must determine the msgnitude of tne maneuvering tail load.
Experimental data of this type can serve as a check on the probable ac-
curacy of the rather elaborate calculations usually necessary to de-
termine by analytical means the tail load 1i response to rapid mctions of
the elevutor, The tail load rosponse to a step elevator input may be used
to synthesize the responte to any arbitrary elevator deflection.

The varistion of elevutor hinge moment with respect to elevator
angle under dynamic conditions is of especlal value to the designer of
astomatic flight controls or control boost systems, since this gives an

indication of the power required to operate the contrvl curfaces under
rapidly varying conditions.
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The response of the airplane as a function of the variation of
Linge mement is of interest whers automatic controls are employed which

-apply variable torques to the control system, such shat the resulting

control surface deflection is a function of this torsue ani the serody-
nanic hinge moment. This is in contrast to autometic control systems
which apply control surface deflections in response to error signals,
and in which the applied torgue is that required to give this deflectiom.

It hus been assumed throughout this analysis that the forc-
ing function is directly proportional to the elevator deflection and
all responses have been determined on this basis. The true forcing
function however is sn aerodynamic moment and is correctly designated as
Mg 5 . This takes into account the possibility of & phase difference be-
tween 5 and Mg, or that M g muy have complex components.

. Since the test duta show that the sairplane does not behave
as & simple system with constant coefficients under &ll conditions,
there is the poseibility that the various serodynamic derivatives are
functions of frequency and have an aerodynamic lag. Such a variation
i8s not readily deterainsable, however, since many of the derivatives
occur &3 products, for example Mg Zy , which makes it difficult to de-
termine their values unless they are assumed to be real (that is, hav-
ing no aerodynamic lag).

It would appear desirsble to know the variation of the aero-
dynamic forcing moment &s a function of time, and rsgard this &5 the true
forcing function. This reasoning holds promise for a method of oscil-
lation employing the application of a imown moment. This method, whlch
has been outlined in & previous report, (reference {7) ) , makes use of
an oscillating ‘auxiliary lifting surface, installed in a suitable posi-
tion on the airplane. The force which this surface spplies to the air-
plane structure is measured and is & direct function of the applied
aerodynamic moment.

18.




19.

RISbUSSIOH OF THE CIRCLE DIAGRAM

In the discuswion of the osclilation theory, it was mentioned that
the circle diagram was a useful method of preseating data lnd that only a
simple oomputation was neocessary to determine the values of & and K, the
equivalent dumping coeffioient and spring constant, therefrom.

A complete theoretical development of the circls diagram together

with en explanation of itz numerous applications is presented in Appendix C.
However, a simple explanation of this disgram will bs given here.

The equation of a circle may be represented in polar form by,

R"' DcQsG (31‘)

where R is the radius vector for any valueof &. An examin«tion of the
airplens response equations indicates that they are of thie Torm or may be
converted thereto by a simple tranaf‘omntion.

Consider the expression for /’/ the first derivative with
respect to time of the expression previously given for -fl-

5

. K
/ -'-— -
{-% = kUM‘SZZWL sm(/wé + '/‘an"-———“"b )

J ( o w) + b ' (32)

The maximum amplitude of /327 dtkl.ny given frequenoy oocurs when
sin (wt + +an~’ l:‘b-w \) = 7 (38)

and is given by

A UMg 2

H] ‘J@'fﬁ o

It is evident that this expression can be written

,’8’;/ = —-—U/;’j 2w cos big . (38)

where

b = -/—a,n"-_fu_'f_"'_ (s8)
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fccording to the definition given in equation (51) above, equation (35) rep-
resents a circle with diameter,

_ uMgE,
D b (37)

Thies theorstioal cirole is shown in Fig. 4. .
n
It is thus possible to plot the varistion of /5/ as a circle,
where the lsngth of the radius vector and ite angle with respect to the
reference or diareter represent the maximum amplitude of h/’gl nnd its phase
respeotively as funotione of frequency. Flight tcet values of N {S plotted as
oircies are shown in Figs. 6 through 16 of this report. Circle plots of n
are also inocluded ir these figures. . |Chl
n
When 4’65 equala zero, the value of jZ| ie 8 maximum whioh 1is
known to ococur &t the undamped natural frejuenoy (w=Yy K _) of the system.
If the phase angle is zero, its tangent is also tero and
€ ¢ %a = W Io) 28
where 4 1s vhe undamped natural frequency of the system, and is
that frequency oorresponding to the diameter of the circle. The value of Xk
is immediately determined sinos

K= w ' (39)

The vmlue of b may be obtained by knowing the value of tan 41.'\;
at any other frequency. For ease of computation it is convenient to choocse
the frejquenoy so that 4:,',5 (measured from the diameter of the oircle) « 45°
or tan 4>,;5. 1. Thus .

£

: W _
fan dhg = o o -

where ' 1z the frequenoy where 4’,',S= 45°

and k , ¢ (41)
[) = 7 - W

By an analysis similar to that uoove, it can be shown that the variation of
the maximum amplitude of ‘(; ISl  with frequency may be plotted as a circle
if it first be multiplied by the factor,

cos (f'an":;—)‘w) ] (42)

z
z
" Vw + 2.

-1
and if tan - 2Z . be subtracted from the phase angle of § with respect
to § . The resulting circle ie given by

i -2, MJ Zw

(43)
= [=—=t=] = =¥ (o5 (pi -tan"! L
[§] (w2 + 22 b @)“ o -£W>
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Values of b and k oan be obtained from these oircles in the same
manner as outlined abtove. Flight test values of

..g_. _._—2__""'.__ and g -2,
51 [+ 2.7 [Chl [yws 22

are plotted as circles 1in Fizs. 6 through 16.

The values of b! and k‘, or the stick free equivalent damping °
coaefficlent and spring constant may be determined from the #i /Ch/

and _?_ ( -2 oircles in the sume manner as has been explainsd
[Chl e+ 2>
above. L

n &
The value of, Zwmay be obtained by dividing /‘.’g—/ by /—é——}liuoo
it can be shown that

(44)

The diamoter of either the , or ”_g_ w \ciroles
= (Dsﬁdn )

Bl s

will now give the value of /'7'5 since Zw_and b are xnom.

The theoretical circle shown in Fig. 4 lies in the firat and fourth
quadrants with the value of ¢ varying from +90%o -90°as the frequenoy goes
from rero to Infinity. In practive however, it will be found that while the

n. and i ¢ /7/_1 -/ W \ circles follow this convention, ths _g'

s G

and g‘//é/ c°5(h-” -i...—) circles 1lie in the seoond and third quadrants.
This i{s due only to the established sign oonventions and variation of phase
anzles and is expleined in greater detail in Appendix C.

It will be observed that the meximum dieameter of the oircles pre-
sented in this report do not lie on the reference axis as predicted by the
theory, but muke an angle with this axis., The value of this angle is dif-
ferent for the various circles. The remson for this tilt i{s not readily
apparent since it does not appear to be a function of such factors as C.0.
position or airspeed. If it is a.function of frequency, its variation would
be hard to determine since the oirole diameter is always assopiated with
essentially the smme frequency for a given airplane and speed. As it appemrs
on the circles, the tilt resembles a lagging phase angle. This suggests the
possible conolusion that ii repregents an aerodynamio lag between § and /‘75
or that the serodynamic forcing moment is not in phase with the elevator
angle. Such phenomsne have Lwen investigated in tests on osoillating airfoils
(references (8), (9), and (10).), and show that at the highest frequsncies used
in the dynamic stability tests, the lag between the surface deflection and ssro-
dynamic moment is negligible oompared to the observed tilt of & number of the
circles.




Arcther possible cause of tilt could be variations of the moment
of inertia during any one flight, whioch are a result of the ballast shift
rejuired to keep tho c.5. position oonstant. The variation of moment of
inertia during a given flight is seldom moro than 6%, however. Calculations
were made assuming e« 107 change in moment of inertim during flight. This
variastion produced a cismeter tilt of only 2°. Henoe, this is not rsgarded
&3 a primary cause of this phenomenon.

Ilnertia and damping effects of the elevator_system are possikle
causes, but at tho low test frequoncies theso effects are considered negligible,
{references (6) and (11)).

A oconditio: imposed when constructing the ciroles was that these
oiroles should paas through the origin. 1In some ocases it is evident that
the best cirole through the test points does not pass through the origin, and
that in most cases the dimmeter of such a circle will be larger then that of
the existing circle. This can b%e interprated to mean that for any frequency
there is a oomponent of the vhriable possessing some magnitude and phase
whioh when added vectorially to the theoretical value, would give the test
value of the variable. Another interrretation is the possibility that a
oirole does not represent the configuration of test points but that they are
more closely represented by a spiral. The theoretical equations for the
oircles can be converted to those for a spiral by assuming that any of the
derodynamic derivstives wers complex, which of course lends strenth to the
supposition that some of those derivatives may be functions of frequency.

Suffiolent data is not yet available to establish the validity
of the several reascus discussed for tilting of ths circles. This is a prob-
lem which demands solutkon however because of its many important implications.

It should be pointed out that once the circles have been oon-
structed, the diemeter is used as the reference in determining values of
k, k1 , b, and bl, rather than the reference axis used in cons tructing
the circle.

It is evident that the circle diagrim is a aimple meads of pre-
senting the experimental data, and that muoh useful information may be
obtained from it with e minimum of computation. 1t also, serves as a
logical means of obtaining the average or faired values of test data, singe
in practicd, the best circle is usually faired through the test points
and the origin. Deviations from oircularity give an immediate indication
of discrepancies and crrors or non-conformity of the airplano motion to
the simplo modes predicted by the theory.




- DISCUSSION OF OSCTLLATICY DATA

The besic einusoidal oscillation response date are presented as
functions of the sngular frequency of oscillation, These data are the
ratios of steddy-state response amplitudes to amplitudes of elevator de-
flection and phase anglss between the responses and elevetor position, and
ere plotted in Figs. Sa through Sk. The deta were taken during flight at
equivalant air speeds of 135, 175, and 200 mph, at a pressure altitude
of 10,000 feet, and with center of gravity poaitiona of 22, 24, 24, 28, 30
and 32 per cent mean aerodynamic chord, ‘

The quantities recorded were the forced incremental elevator
position., and the responses of the incremental normal ecceleration at the
center of gravity of the alrplane, the incrementel pitch angle, the incre-
mentel elevator hinge moment, the incrementel horizontal tail load, and the
incremental longitudinal acceleration.

In general the rssponses plotted into smooth curves with a small
degree of scatter of the individual points. In some instances the scatter
wss greater, principally dus to the greater difficulty of reducing the date
when the responses were small, or due to disturbances in the eir,

Following the methods outlined, previously, circle disgrams were
con~tructed of the normsl acceleretion and pitch responses (Figs. Sa through
16d) both with reference to elevetor position and with reference to elevator
hinge moment coefficient. In order to convert the responses to the form
required for plotting as circle diagrams, it was necessary to' differentiate
them with respect to time. Since the variations are sinusoidal, this process
is performed by multiplying the amplitude by the cireculer freguency w , and
by adding ninety degrees to the phase angle, 1.e. B- :cw I , éand

4
;!%: #n%-rflOu. ’0’ Igl

Velues of the stebility parameters, b, k, b' and k' are obtained
from the individusl circle diegrams as deascribed in the preceding section
and in Appendix C. In order to place these veluee on a cozparable basis,
they must be corrected to some standerd value of the moment of inertia,
since the moment of inertla ebeut the laterel axlis varied appreciably during
these tests with shifta of center of gravity location. The mesn moment of
inertie for each flight condition im listed in Tebls IV, These values of
I, wsre obtained by adding the calculated sffects of changes of load dis—
tiibution to an estimated inertie in the basic loading condition. 8ince it
was necessery to estimate the basic moment of inertia, the accuracy of the
corrections to k, k',:b and L' depends somewhat upon the accuracy of this
estimate. Fracticsl methods for obtaining the moments of insrtia of large
airplanes experimentally ere now being investigated.

The corrected values of k, k', b, and b' are plotted against c.g.
positior at a oonstant speed (see Fig. 17). The results obtained from the
normal acceleretion responses and from the pitching velooity responses are
in substential agreement. Table IV shows the values of k, b, k! and b' as
obteined frem the oircles and also corrected to & standard Iy. Both k and

*
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k! decrease with & resrward shift of the c.g. position, denoting & decreese
in dynemic stability with decreasing longitudinel stetic stebility (M').

The equivalent stiffness constant k is always greater than k!, which meens
thet, for the B-25J, the fixed-control etability is greater then the free
control stebility et all c.g. positions. Both b and b' remain prectically
constent as the c.g. position is altered¢, with b slightly lerger then b!
(signifying higher demping with fixed control than with free control for the
B-25J). These trends are as predicted from the theory, a& mey be seen in
Fig. 18 on which the theoretical velues of these stabllity puremeters are
included.,

The netursal shart perlod is given by-zﬂ7%K-GE7‘ and critical
damping of the motlon (the demping at which the shart period response of
an eirplane ceeses to be oscilletory) occurs if b = 2¥K . For the B-25J,

/ Beritical 1s equal to 0.54 at the 22% c.g. position &nd 1s equal to
0.99 et 32% c.g. position, thus indicating that, for c.g. positions aft of
32%, the short period longltudinal motion of the airplene is no longer
oscillatory in nature. (B8ee Fig. 19).

The deta have been further reduced %o obtaln the aerodynamic
derivatives which go to make up the forcing functions and the equivalent
stiffness and demping constants of the differential equations of airplane
response. Using the methode outlined in Appendix D, the derivatives de-
termined were 2, Mg ,(p, +Cha é/“" Mg, and :I'! Table V shows
& comperison of the expegléentelly de é‘nined values with those predicted
from wind tunnel teats, physical dimensions, and other eveiluable dets.

Fig. 20 1s & plot of the apparent value of the stability derivetive
EEW at seversl center of grevity positions as a function nf the frequency
of osclllation. The values of ZVV shown were obtained from the ratio of the
experimental amplitudes,of normel scceleration and pitch angle. It will be
noted that the valuee of Z, show & somewhat rendom scatter with center of
gravity position, but that all of the curves show an increasing value of Z,,,
with increasing frequency. The velue of Z, should be independent of
center of gravity position, and the scetter noted mey be indicative of ex-
perimental error. Ne seatisfactory explenetion for the incresse of the vealue
of Z,, with increasing frequency hes been edvenced, and this trend is con-
trary to the theoretical effect of oscillations on Z,, in the runge of fre-
quencies under consideration. The ratio of the megnitude of Z,, of & wing
during oscillation to the magnitude of Z,, in the static condition calculated
in eccordance with oscillauting eirfoll theory iz shown on Fig. 21 for several
aspect ratlos. It will be noted that, for the usual range of aspect ratios,
the varietion of the estimeted magnitude of Z., is very smell, but shows a
tendency to deciease slightly with increasing frequency. The calculated
phase angle between Z, and w is shown on Fig, 21 for several aspect ratios.
While the lag shown is swall et ssall’frequencies, it begins to become
appreciable at the higher frequencies. A more complete treetment of the

~offect of sinusoidal omcilletlions on the serodynemic characteristics of a

wing alone 1a contained in Appendix E,

It is possible that the variation of Zv, showmn on Fig. 20 may be
due to the method of solution, which is based on differential equations,
the constency of the coefficients of which depend upon the assumption that
the ncrodypnnio characteristics of the airplane are independent of frequency,




If this condition iz nol met, the solutions contained in Appendix A must be
considered to he approximations, the accuracy of which depend wpon the amount
that the eserodynamic cosffioisnts are influenced Ly ths freguency of os—
c¢illation. It may be possibls tnat ths apparent variation of Z w Shown

on Mg, 20 is caussd by ths coxbination of varletion of all of the aero-
dynazic derivatives with frequency and the method of svaluation of 35 .
Further consideration muat be given to this problem.

As a further comparison with the predicted values, Figs, 22a,
22b, 23a and 238 show the expsrimsntal and calculated response curves st
JO‘ c.E. and speeds of 135, 175, and 200 mph EAS, The responsss plotted

are §fg . D fa‘ v end $ny The trends are as predioted, and thers
is, in genéial fair ngreenent between the calculated and experimentsl
responses,

A comparison has been made between ths calculatsd end measured
horizontal tail load charactsristics. Ths amplitude of the tail load co—
sfficisnt per dsgrse of elsvator dsflection eand the phass of the tail load .
with respect to ths slsvator dsflection is given in Figs. 242 and 24b, where
these data are given for thrss different centsr of gravity positions of the
sirplane, The calculated load characteristics were obtained by the method
for predicting teaill loads which has bssn developed in Appendix A. Ths asro-
dynamic characteristics used for thass calculations were obtained from es—
timates and from the results of wind tunnsl tests of a model of the B-25
sirplane, It will be obeserved that, whils the trends of ths experimental
data are in ga2neral similer to those of the calculatsd tail loada, the
quantitative agreement is not good., 8Since it has béen found thet the stab-—
i1lity dsrivatives obteined from ths response data by the method described in
Appendix D differ somewhat from ths wind tunnel and sstimated values, ths
differences between the sstinated and obeervad values of the tall load ohar-
acteristics may bs due to thass variations of asrodynamic oharaotsristics,
Some enalysis of ‘the tall loads using aerodynamic data obtained from the os-
oillation responsss indicated bsttsr sgreement bstween ths caloulatsd end
obssrvsd tall loads. Howevsr, since such parameters as I' and the variation
of the normal force ocoeffioient of the horisontal tail with angle of attack
cannot be dstermined from the oscillation data, a complete analysis of the
tall loads based on aerodynamio oharactsristics obtained from flight measure-
ments has not been made., Bince the method of oaloulating ths tail load during
a sinusoidal oscillation given in Appendix A corresponds to a special ocase of
the general msthod for dstermining ths horizontal tail load during mansuvers
(an example of which 1s contained in reference (12) ), ths oomparison of oal-
oulated and experimental results given in Mgs. 24aand 24b indicatee that
further consideration should probably be given to the problss of determining
the horizontal tall load during maneuvers. A zors extensive flight progras
to detsrzine ths correlation between caloulated and actual tail loads during
dynemic maneuvers of an airplane wculd be desirable, and should furnish
valuable information concerning the adequacy of existing methods for predioting
horizontal tall loads for etructural deeign.

A comparison of ths phass and amplituds of ths slsvator hinge momsnt
coefficient per degrse of elsvator deflection as celculated and as detsrmined
from the flight test data may be found on Figs., 25a and 25b, where these
quantities are siiown as a funotion of the frequency of oscillation st three’




center of sraviiy positions, The valués of ©

hgy and Oy ¢ used in the cel-
culeticns were obtained from reference (13), and are given in Table II. As
in the csse of the tail load coefficient, it will be observed that the agree—
ment between the calculated and experimental hinge moment characteristics,
while rnot exact, is qualitatively good. The calculated 180° fhase angle at
the 32% MAC o.g. position indicates free control instability in steady flight.
It vill be observed that the experimental variation of phase angle as a
function of frequency shows no tendency to return toward zero phase angle at
zero frequency (which is necessary for free control stebility in steady flight).
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Included among the assumptions necessary for the developmsnt of the
above equations are that (1) the speed remains constant; (2) the deviation of
the position of the airplane longitudinal stability axis from the horizontal
remains small; (8) the development of airplane pitching moment due tc the
instantaneous elevator deflection is salso instantaneoua.

The errors due to the first two assumptions will be small for a
reasonable period of time provided that the elevator deflection is amall.
However, the elevator defleotion must be sufficiently great that the respcuses
are large enough to make possible accurats measurements. This is a problem
connected with the sensitivity of the recording instrumentation.

Sirce it is not possible fc- the pitching moment due to elevator
deflection to develop instantaneously, the predicted response will lead the
experimental response by a small amount. It has been estimated from reference
(9) that, based on the horizontal tail shord of the B-25J of 6.3 feet and a
true flight speed of 300 feet per second, a time of approximately .09 seconds
(4 to 4.5 chord lengths) would be required to develop the change of tail 1lift.

As a result, the magnitude of the transient response at a given time will not
be in agreement with the predicted value. The agreement between the slopes of
the predicted and the experimentally determined transient responses at a given
peroentage of the steady state response however is not effected substantially
by this conditior at other than very low values of the response, and reasonable
agreement may be expectsd until speed and attitude variations become important.

Since the terms outside of the braokets of equatioms (47) through
(62) represent the steady state responses, the quantities within the braokets
repreeent the ratio of the transients at sny instant to the final values of
the responsee. Denoting the steady state value of incremental normal aoceler-
ation corresponding to a step deflection of the elevator by the subsoript "s",
the theoretical vulue of the slope of the ratic of the normal sooceleration at
any instant to /ZS is given by the following expressions: .
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imilar relationships may be obtairned for the rate of ohange of
pitohing velocity.

" The theoretical wvalues of the time, t, at any desired value of the
ratio //zJ may be determined for a series of values of and £ from
equations (47), (49), or §51). These values of the time are substituted in
equations (63), (64), or (56) to obtain the ocorresponding slopes.

A general
curve of the slope of the transient at a given response ratio may then be
plotted as & function of 6 ang £

An example of suoh a curve 1s given as
Fig. 27, where the valuas of /L () hes been plotted as a funotion of

and & when *V/yd z 0.60. Similar curves may be constructed for other values
of the respzonse ratio but the seleotion of these ratios should be restricted

to values at which the comparison between theory and experiment-may be ex-
pected to be valid.

Although it is theoretically possidble to determine the values of
é and/e for an eirplane whioh ia less than oritically damped by determining
the deoay and period of the oscillations followirg the application of the
step forcing function, this method is not practioal unless the damping of
the system is light since otherwise the deoay of the osoillation is very rapid

and the period of the motion is extremely difficult to observe. It will be
found in general

at the damping of an sirplane is too great to permit the
determination of and £

from the measured decay and period of the oscillatory
response to a step function.

From equations (47) through (62) it may be seen
thet the steady stute response of either /7 or

. Therefore, if the ae

involves A,

IZ"J) o, oA
(in the cese of7) [/ odynamio derivatives /Z, and z«)




are known or may be evaluated by other experimental techniques, the value of
A: may be detsiruined from the steady state response. The value o£é§ corres-
ponding to this value of) and ths observed value of the slope of the tran-
slent at /}125 = 0.5C may then be read directly from Fig. 27.

Other methcds based on the LaPiace transform or Carson's integrel
are available for determining the stability constants nnd{'from ster res-
ponees. However, these methods aleo require that the aerodynamio derivatives
f” andg % be known, and so do not appear to offer advantages over the method
od%iinﬂd above.

It thus appears thet, unless auxiliary tests are made, the step res-
ponse does not permit evaluation of O and £of an airplane due to the high damp-
ing ratio whioh usually exists. In any event, it ie not possible to extraot
the wealth of information from the step response whioh may be obtained from
the osoillation data. PFurthermore, due to the abruptness of the maneuver,
the assumption that the aerodynamic forces and moments are in phase with the
velocites which produce them is questionable during the early portion of the
maneuver.

Although it appears doubtful that the response to a step elevator
defleotion above may be analyzed in terms of stability coefficients, these
data may be useful for determining the motion of the airplene corresponding
to an arbitrary movement of the elevator. If the reasponse to a step def-
lection of the elevator is knowr, the motion of the airplane may be caloulated
by the Duhamel integral. The use of this integral is dssoribed in Appendix B,
where the use of a graphioal method whioh employs & template of the time his-
tory of the response is explained. This template may be conatructed aocord-
ing to the experimentally determined data,




DISCUSSION OF STEP FUNCTION DATA

The incremental change of normal acceleration following a step
deflection of the elewator Las bwen determined during flight tests at c.g.
positions of 23.9%, 24.1%, 28.0%, and 30.0% MAC. The tests were made
at an equivalent airspeed of 175 MPii and at a pressure altitude of 10,000
feet. The observed response ratios, Uﬁ) , and the steady state responses
are shown on Figs. 26a through 26d. The calculated response ratios are
also included on these figures. The time lag required to develop the
pitching moment following an abrupt elevator deflection is clearly evi-
dent from thess figures. However, after a brief initial period, the
shepes of the experimental response ratio curves agree closely with those
of the theoretical curves until speed and attitude chianges commence to
become important. The theoreticai response ratios are based on values of
b and k which were determined by the oscillation technigue, and were taken
from Fig. 17.

The values of x and b were determined from the step data of
Figs. 2ba through 264 from tne steady state value of the response and
the slope of the transient recponse ratio airve at 'an = 0.50 as described
under the discussion of the step function given in the preceding section.
The values of Mgy and Zy used in this analysis were obtained from the os-
cillation tests, and these valies are shown in Table V. Values of b and
k obtuined from the ste, duta and the estimated vulue of I, for each step
are ziven in Table VI. The values of k and b corrected to a common Iy of
60,000 slug feet“ are also included in Table VI.

Fig. 28 shows a comparison of k and b obtained from the step
data (using values of Mg and Zy from the oscillation tests) and k and b
obtained from the oscillation data. The agreement bstween the results
obtained by the two methods is guite good. However it must be remembered
that it is not possible to analyze the step duta in terms of k and b un-
less values of My and Zy are obtained from oscillation tests or by other
means.

The agreement obtained does illustrate that, with the exception
of the initial portion of the motion, the assumption of velocity deriva-
tives (stability derivativea which do not depend upon the past history
of the motion of the airplane) is as valid for estinating the response
to a step deflection of the elevator as for estimating the steady state
response to u sinusoidal Torcing function. 3
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CONCLUSIONS:

From the results of the flight teets which have been conducted,
the following conclusions havs been reached. \

b 1% The change of flight velocity of the airplsne was found to be
negligible during sinusoidsl oscillations over the range of frequencies
at which the tests were conducted. (0.10 to 1,30 cycles per second).
This result confirms theory, end permits treatment of the ailrplane as

a two degree of freedom systex.

25 The experimentally determined data plot well to form a circle
disgram over # considerable ranges of frequencies of oscillation. Since
this is characteristio of a linear second order differential equation
with constant ooefficlents, it furnishes further evidence that the alr—
plane may be treated as a two degree of freedom eystem, and that the
veriation of the aerodynamic stabiiity coefiicients or derivatives with
froquancy,ls minor over the range of ‘requencies which is of usual.
interest.

3. An apparent lag between the deflection of the elevator and the
response of the airplane was observed from the circle dlsgrams, which in
general had thelr dlameters rotated in the lagging direction. This lag

was in addition to the phase angle which would be calculated between the
airplene response and the elevator angle at a given frequency. A satis-
factory explanation of this characteristic has not been obtained at the

present time.

4. The measured velues of the stability coefficients b, k, b' and
k! are in genersl agreement with calculaied velues bssed on aerodynamic
data obtsined from estimster and wind tunnel tests, The experimentel
values of k and k' are consistently greater than the theoretical values
at 211 center of grsvity positions at which the tests of the B-25J were
conducted. The experimental valuee of b and b' were slightly greater
than the theoretical values over the same range of center of gravity
positions.

5. The agreement between valuss of b, k, b!' and k' as cbtained fronm
normal acceleration response data end pitching velocity response data wae
found to be very good.

4. Values of the airplane stability derivatives celculated from the
measured ailrplane response characteristios in generel agree reasonably well
with values taken from wind tunnel teste of the B-25 airplany and with
estimates.

.

T The apparent value of the stabllity derivative Z,, as determinad
from the ratio of the amplitudes of the responses of n and © was higher
than the value estimated from wind tunnel tests of the B-25 airplane, and
increased ss the frequency of the oscillation was increased, The variation
of Z, with frequency is opposite to that which would be expected from the
theory of an oscillating sirfoil, While no satisfactory explanation for
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this trend ie availabls at the present time, it may be possible that other
stabllity cheracteristics thern Z, vary with frequency in such a manner
that, when the apparent value of Z,, is calculated from the amplitude
ratio mentloned above, the chserved trend with frsquency results.

8. The rhase and amplitude of the variation of horizontal teil load
coefficient variation during sinusolidel oscillations at various frequenoles
wae In qualitative agreement with oalculatione, but the quantitative egree—
ment wae not particularly good. This is of interest since the mathod for
calculating the teil loads was besicelly similar to general methode for
predicting tall loads during maneuvers. Further investigation of this
phaee would be valuable for furnishing a oheck of structural load analysie
methods.

9. The comparison between calculated and experimentelly determined
values of elevator hinge moment during sinusoidal oscillations was eimilar
to that of the tall load coefficient varlation in that, while the quali-
tative agreement wgrs gcod, the quantitative esgresement wes only feir.

10. A time lag between the response of the airplane and the deflection
of the ealevator was observed following step dsflections of the elevator. It
is believed that this was due primarily to the time required for the lift
due to slevator deflecticn to develop on the horirontal tail. The varlation
of normal accelerztion in a step function msnsuver egreed with the calcu-
lated variation once the initlal time lag was exceedsd.

11. The experimentally detesrmined step functién response may be used
in conjunction with the Duhamel integral to obtuin the response to an arbitrary
movezent of the elevator.

12, No method has bsen found at tae present tims for obtailning the values
of the stability coefficients b and k from the step responses without the uee
of aerodynamic data obtained from other sources,

13. Using the portion of the step response following the initisl time
leg, and using values of the aerodynamic derivativea taken from the oscillation
tests, the values of b and k cbtained fros the step responses sgree very well
with the values of these coefficlente obtained from the osclllation tests.

14, The forced oscillation method 1s of coneiderabls utility for de-
termining the response characteristlos of an airplane for use in the dssign
of automatic pllots, and furnlshes a msthod for measurirg the stability
charaoterietice of airplanee or other devioes for which reliable stability
parameters msy not be avallable or cannot be obtained conveniently by
theoretical snalysis or wind tunnel testing.
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APPENDIX A.

STEADY MOTION OF alN AIRPLARE
DURING A SINUSOIDAL OSCILLATION
OF THE ELEVATOR.

Introduction

A simplified treatment of the response in & vertical plane
(®longitudinal motion®) of an airplane due to movement of the ele-
vators has been presented by L. V. Laitone in refesrence (13). This
theory assumes that changes of the gelocity along the flight path may
be neglected during the period of the response of the airplane to the
given control motion, thue reducing the motion to one of two degrees
of freedom. (Pitching velocity and translational velocity along an
axis fixed in the airplane and perpendicular to the flight path in
steady flight.) The validity of thie assumption has been verified by
calculations made by classical methods in which speed variatlons have
beer considered, and have been found to be smell, and by actual meas-
ured speed changes during sinusoidal oscillations in flight.

The same assumption is contoined in references (12) and (15),
which also treat the problem ol the lengitudinal motion of an airplane
following movement of the elevators. Based on the simplification of
constant speed, it hes been shown that the response of the eirplane in
each of the two remaining Jegrees of freedom nay be presented in a form anal-
. ogous to the solution for the motion of a soring restrained mass having
viscous damping. It is the purpose of this appendix to present the the-
ory of responte to a sinusoidal clevator motion in more detailed form
than the presentation ot reference (1l4), @nd to amplify this theory to
include the response of the airplune to a sinusoidal variation of eleva-
tor hinge moment, and the varistion of horizontal tail load and elevator
ninge moment durin; sinusoldal oscillations.

Axes

Standard NACA stability axes are used throughout. These
axes are fixed in the airplane with the origin at the airplane center
of gravity, and are so oriented that the posi¥ive x axis is directed
forward and pardllel to the flight path in undisturbed flight. The
positive y axis is perpendicular to the x axis and parallel to the
plane of the wing {positive to starboard), and the positive » axie is
perpendicular to the xy plane and is directed downward. The orienta-
tion of these axes with respect to airplane body axes variee with the
initial angle of attack of the airplane in undistwmbed flight, but these
two systems of axes remain in a fixed relationship with respect to each
other during a given osciliation or maneuver.

N
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’ Symbols

A definiticz of the quantities which irfluence the longitudinal
motion of the airplane is given below. A number of these quantities
have a negligible effect on the motion of the airplane, but are inclu-
ded to give a complete picture of the variables which enter into the
problem in the general case. With the exception of the pitching mo-
ment due to the time lag of downwash at the horizontal tail during man-
euvers involving changes of angle of attack, all of the aerodynamic
forces and moments are based on the conventional welocity derivatives
which have been used for airplane stability analysis in the past.

(See reference (16))..

U -~ Initial velocity along the x axis in undisturbed
flight. Positive forward. ft./sec.

W - Initial velocity along the # axis in undisturbed
flight. (Made zero by choice of axis orientation.)

u -~ Incremental velocity along the x axis of the
airplane. Positive forward. ft./sec.

w -~ Incremental velocity along the z axis of the
airplane. Positive downward. [t/sec.

L ® - Pitch angle between the airplane x axis and the
horizontal. Positive for nose-up displacements.
Radians. S
9 = 0 - Pitching velocity about the y axis of the 1
airplane. Positive for nose-up rates.
Radians/sec.
B - Mass of airplane. Slugs.

LJ ~- Moment 05 inertia of airplanc about the y exis.

Slug ft.
4
n -~ Incremental total acceleration along ‘j:!'ue atrplane
z axis. Positive downward. ft./sec.
Nt -~ Incremental horizontal tail load from initial

conditions. ‘Considered positive upward. Pounds.
'8y - Ares of horisontal tail. £¢.2

Qt ~ Tail length. Distance from airplane center of
gravity to the center of preasure of the tail.
Considered positive. ft.

Cy = Ne — Incremental horizontal tail load
t U™t coefficient.

HME ~ Incremental hinge moment of the slevator. Positive
when it tends to deflect the trailing edge of the
elevator downward. ft. lbs.




CoSe

chord
Product of tpe Asan geometric/aft of the .
shinge line ani the ares af of the hinge
iine of the elevator, P,

HME Incrementasl elavator hinge moment
,PU'feSe coefficient, Positive when it tends

& to deflect the trailing edge downward,
‘)_C_h - Rate of change of elevator hinge moment
og ¢oefficient with elevator angle.

dCh Aate 5L change of elevator hinge moment

¢ coefficient with tail angle of attack.

d
~ Rate of change of ¢aj] normal force coefficient

with respect to tai angle of attack. L/radian.

d dt) Effective change of angle of attack of
’ the

horizontal tail per unit elevator
Mt deflsction,

Porce along the airplane x axis, Positive
forward, Pounds,

Force along the airplane z axis, Pogitive
downward, Pounds, e
Pitching mogent about airnlane Y axis. Positive
for nose-up. ft. lbs,

Indremental €levator defiection fyon initiaJ,. po-
sition 1y undisturbed flight, Positive trailing

Incremental change of tail angle of attack. Posj_
tive if 1t tends to produce a positive change in
tall load coefficient.

éﬁ e V/sec.

)
dﬁ;’ vk Vsec.
.',é% sk, ft./sec.
4556_ x451  Tt./sec.?
dﬁ( 1 45 Y/ sec.
‘%i;,_ tL,  1/sec.
d%I * g, ft./sec,
4,5/8 tf,  ft./sec.?
3% X i_i-y— 1/ft. sec. 2
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) bar placed over a variable indicates the maxiotum value
of that veriable during an oscillation. The emplitude may be either
positive or negutive. i.e. m 18 the maximum amplitude of normal ac-
csleration during an oscillation, and may be either positive or nega-
tive.

Vertlical bars placed around a variable indicate the positive
value ol that varisble. i.e., |n|_is the positive value of normal ac-
celeration at a given instant. [ n /| is the positive maximum amplitude
of nornal acceleration, during an oscillation.

Equaiions of Motion in the Plene of Symmetry 3

The equations of the motion of an airplane in the plane of
Iy symuetry are written below based upon the following assumptionss

(1) -The reference axes azre fixed in the airplane as

has been dascribed‘above in ‘the section defining
. i axes. : :

(2) Tae airplane is initially in horisontal flight.

(3) All disturbances are sufficienily small that
angles may be considered equal to their tangents.

(§) All aerodynami: moments and forcea {with the ex-
ception of the moment due to lag of downwash at
the horizontal tail) are considered to vary di-
rectly wita linear or angular velocitles, and are there-
fore not dependent upon the past history of the airplane
motion or on the linear or angular accelerations which
exist at that moment.

(5) 1t is assumed that small lateral disturbances which
ney exist do not affect the aerodynamic forces or pitch-
ing mouaents in the plane of symmetry. :

(6) Second order inertia terms resulting from the product
of two infinitesimal velocities are neglected.

As described in reference (16), the equations of longit-dinal
motion may then be written:

(U +968) =Xy U+ %, w+xqq + Xg 6 (Eq. 1) 4
(dr-Uq )z ZuMm 42, w + 249+ 24§ (&. 2)

-3

q = Muw L+ MVW*‘M‘IQ-FIWSS (2q. 3) :
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i The [ollowing simplifications may be made to equations 1, 2,
and 3:

(L) 48 hus been discussed previously, the variation of
velocity along the x axis may be considered to be zero.
Therefore squation 1 may be omitted, and u may be
oonsidered tc be zero in equations 2 and 3.

(2) Zg and Zg are small for conventional zirplanes, and usually
may be omitted without introduction of appreciable error.

Based upon these slaplification3, equations 1, 2 and 3 may be
rewritten as follows®

(Wr-uq) = Zr, o (Ea. 4)

[

Q@ = M ow+Mo W+ Me9 4 Mg

.

(Eq.-5)

Solution of Eguatlons of Motion:

Equations 4 and 5 are written in operational form (where D = %%E)

L (Dw-Uq);fuw (Eq. 6)

PQ = (M.t DMS) Wt Mg+ Mg s (51, )

Equetions 6 and 7 way be solved simultaneously by thc usual
methods to obtein w and g as functions of time. HLowever, a more phy-
sically eignificant solution say be made if these equations are written
in terms of the variables w and q, and these varlables are then separated
8o that two second order differential equations arefs‘aingle variable,
This separation of variables is now illustrated.

Equations 6 and 7 may be rearranged in the following manner:

(D-2)w -Ugq= © (Eq. 6')

(DM +M D-Me = Mg§
(oM + ) +(0-Mq)q A

To eliminate the pitching veloclity, g, the usual élgebraic
operations are performed on equations 6! and 7',

B 3 L e -
e it S e . (Pe. 8)
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M“: + C‘{ e —
D - Mg D-Mq (Eq. 9)

Adding equations £ and 2

\
(D=2~ _ DME + M‘.,-)ur s HLE (Eq. 10)

or

((D-2.,)(@-Mg) —U Mg +Mu) Yur = UM § (Eq. 11)

[p*- D2, -DMy+ 2, Mg -DUME UM Jur=UM, §  (Ba. 12)

Collecting terms,

* 2 -V = l;
DDZ‘ D(Zur*Mf \)Mw')‘*(ZwM? MM)JLU' UMJ(Eq-.la)

Now let b = —(Zw +M7_+ UMSEr) (Eq. 14)
k= (Zw Mg - UMwr) . (Eq. 15) —
Ten (F +h & + Aur= UMc § (Eq. 16)

Since it is difficult to determine the translational velocity
w along the » axis exparimentally, but since the tetal acceleration n
along the z axis may be determined guite simply, it is convenient to
write equation 16 in terms of n rather than w.

By definition, n = (hor == U/i )
and, from equation 4,
A w- .
(W -Ug) -~ e ’
Therefore, n = Zw w- (Eg. 17)
This result is to be expected, since w is proportional to the

additional angle of attack required to develop the additional 1ift on

the airplane which balances the ineriia force due to the additional ac-
celsration n. Y

Equation 16 may then be rewritten
ﬁ+b%+l€h:lJM{2wf

(Eq. 16')
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An equation for the pitching velocity may now be developed by
similur algebraic operation on equations 6' and 7'.

U Lt 3
r= | 5= zw> s X ‘ (Eq. 18)
S S =t ] ——2*t )z- M (2a. 19)
\DHw +Mw DM+ Mur
U D-Mg ]
[h(D"zuf> i DMw_-f-Mw) F DMu_ 3 Sii (Eq. 20)

B 2 R M;)(D-Zw-) 'U(DMJ} h "‘/)ur)jj’M&vr (D-Z(E)q} &

[D* Dzuwr DMFv‘Zuf“"f DUM“’J'UM“’]; Mo ((D’z‘-d)
Eq. 22)

[_D D(zurTM?.*bM“") (Z“’H}—UML«J)]; N;g(D 20 )
(Eq. 23)

oo = - O
or 52*5?— +kf M8 -208) (5 )
where b and k are defined by equations 1§ and 15.

It has now been shown that, subject to the bacic assumptions

zade 1n writing e uations 1 through 5, the lon;itudinal motion of the
airplene may be represented by two independent linear second order differential

ejuations with constant coefficients which are summarized lere as

°°+h%+/‘lh :UMSZW*S

" ] (Fa. 16)
fouf rhsc TlaBelel. douke B0
wiere b —(2w+M?_ *UMJV“> (Ea. 14)
k:-(Zw—M%—UMuP\ (Eq. 15)

and ’J(T ;f(t)'
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These equations are identical to those of the forced motion
of a spring restrained mass with viscous damping (a cenclusion which
was alsd stated in reference (12) ). Tie coefficient ¥ i= analogous
o the spring defleciion rate, and b is analogous to the viscous damp-
ing coefficient. Anelogy may slso bz drawn to an electrical :circult
containing inductance, resistence, and capacitance.

The form of equations 16' and 2/, suzgests that the coefficients
of tae equations may be determined by applyins special type: of forcing
functions and observing the response of the airplune, a technique which
has peen amploycd in other forms of dynamic ~easurement and analysis for
many yeara. The response of the airplane tc o ainusoidal apilication of
the forcin: function (sinusoidal oscillation of the elevator) -is next
considered. Tne res onse ol the airplane to a sudden (step) appolicetion
of the” forcin: function is considered in appendix B. A method of an-
alysis of the responcte data obtuined during stealy sinusoidal ~scilla-

o tions at various freguencies to obtain b and «, the coefficients of the
equations of motiocn, is contalned in appendix C, and a method of anely-
s8is to obtain tne aerviynamic derivatives from these coefficient® and other
auxilisry dats is contained in appendix D.

Steady State Motion of the Airplane Resulting From
A Sinusoidal Osciliation of the Elevator.

Consider the special case in wiich the elevator is oscillated
sinusoidelly at a constant frequency and maxiwmum smplitude. The ele-
vator angle at any particular instent may then be written

5—: /57/ sin wé

where /5/ is the porsitive maximum jeflection of the elevator
and W is its circular frequency in radiens per second.

To find the variation of the total incrementul acceleration
along the z axis at the airplane center of gravity,

#+b: +Jun:UM§2gg o i)

:\r + l_)y-,o +Jf_n: 'JMcS‘ 2, \g}SInUJt
(Eq. 25)

Tue complete solution of equation’ 25 involves two additive
parts—-the complementary solution (obtained by placing the right. hand
side of the equation equal to zero) and the particular integral which
is obtained by consideration of the right hand side of the equation.

The complementary solution represents the tranzient of the motion, whereas
the particular integral rapresents the steady state motion. Since, in
this problem, we are interested in only the steady statc response, the
complementary solution need not be found.




PN The particular integral aay be found most easily by oper-
iRl ational methods.
.
\h
: H o+ bA rAP=UMsZ I§] Simv ot Vi
Since @‘.”t = Cos wt ¥ Sivetd
Then
= AT J
(D*+ E R+ k)N = vz, i JErs e

'whnm} C’Lwtrepresents the coefficient of the imaginary

part of eiwt : ).‘1,“1_
n=UMgZ_I5l T - (Eq. 27)

‘w &
Now perform the operations indicated on ,Oé‘ e

Cwt

‘el
Since pe'” = ((w)e

Then D may be replaced by ¢ <V

" Therefore, cquation 27 may be rewritten in the form

L feat i

&
PR e (L'w)z} blew)tk (Eq. 27¢)

n= U]V‘S Z»\/IE’ Q(Cos C\)é + i Srrv w{) ' ‘
(h-cr) + L (bed) (Eq. 28)

Equation 28 is now rationalized.

N= UM,z J3 ZLC_osCutf-L'Smwi)‘ (K—C\)l)-' L'(bcd)
(k- + & () K =G eo) (Fa- 29)
' ‘e

=4

n= UM, Bl K-wsmwt _(pev) Ces wt
K-c)® +Cpeo)t (Eq. 30)

[—(L w) Cos wi + (H~e™) $in0 cu{:] (Eq. 31)
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Equaticn 31 aay be simplified by use of the trégonometric
identity,
- ; -y A
A C cotl + B S o ¥ —VA VS Ggf + tan B )

C

n _ UMgin TP e e ]
== T o v SINJWT o+ orar (ot
15 -t T F F ) [ k- (Eq. 32)

Equetion 32 represents the steady state response of the in-
cremental accelerstlon at the airplane center of gravity per unit maxi-
mum elevator deflection [ (ft./sec.<)/rad.) as a function of the airplane
stubility characteristics and the circular frequency (in radians/second)
of the elevutor oscillation.

Equation 24 may now be solved in a similar marner to obtain
the steady response of pltching velocity to the sinusoidal elevator de-
flection.

G+ rg+hqg =M (5-2,,8) (Eq. 24)
¢ = |51 siv ot ) l
Z; - CA—\/D—/ Cos ot

q {_bé +K(l: MS Is—' (C&)CDSC‘){—ZV\, S v ’Jé,) (Eq- 33)

The steady state solution of equutjon 33 may be found by di-
viding the right hand side of the equation into two parts, solving for
each part, and then adding these two separate solutions to obtain the
total steady state solution. The procedure followed is exactly the
same a2 that glven abovecfﬂf the aqcc}e atlon n, with the exception
that the real part of €% t«% )1s considered when obtaining the
solution of the term involving (a5 co'¢

By this method the steady state solutlon of equation 33 is
found to be

9 Bt 5wt g e @)t 2 b .
I/—'/‘M54(n-w*)1+(w>“ '”[w TR e ket B




Comparison of equetions 32 and 34 shows that a simple relation-
ship may be derived for obtaining Z, from the ratio of tie amplitudes
of /  and 7

et [T

From equation 32

! J e ?, ——— i-
] ‘_f T | i 1 I ) & ot S
Then, .
_ S R NV
| N ;! ) — |

120 e M. =l o | (Bg. 35)

\ | | ) \“
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Since the true speed and frequency of oscillation are known,
the value of the derivative Z, may be obtained from the ratio of tue
amplitude of the n and q responses during & stoady sinusoidal oscilla-
tion.

Stead; State ¥otion of the Airplane Regulting From A
Sinusoidal Application of Elevator Hinge Moment.

If an airplene is disturbed from steady, rectilinear flight,
the ircrement of elevutor hinge moment coefficient (assuming tiiat the
trim tab position remains unchanged) willi in general be a function of
the change of elevator angle and tail engle of attack from their respec-
tive initial values; the aerodynamic hinge moment coefficient parameters
of the elevator, C%’ and Chq ; the linear dimensions of the elevator;

the equivalent airapeed; the aerodynamic hinge moment due to angular
velocity of the elevator {aerodynamic damping); the total angular accel-
eration of tue elevator anl its moment of inertis; and the static mass
unbalance of the elevator and the incremental normal acceleration at

the horisontal tail.

An analysis of the order of magnitude of the above effects,
however, shows that several of these variables may be omitted without
introducing apprecisable error. Thus, for small oscilleiions of the
elevator and frecuencies of oscillation in the range being considered,
(w less than 10 radians per second), the effects of the serodynamic
damping and moment of inertia of the elevator are negligible. The com-
bination of incremental normal acceleration at the tail and elevator
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Equation 4o way be rewritten ag

' - KoL 'IH'L 2 i
n +b N + 4 A = l.._:}“. —— I (Eq. 4 ")
Wiere b "‘[?W*Mq +-L'(M»°v—"4sc$ ’%l (-v§§ )] (Eq. 41)
5 ;
or b' - L 4 2 b (Eq. 41v)
where 4 b < Mg Cﬁj %5-(,* € ) (Eq. 42)
CL‘S U EE ‘
d K! - / —_ ‘/ - C " ’ 6 E .
an X [Zer uim,, MAC_%;JJU—gJ;-%Z“'))J (Eq. 43)
or kt o K+ a “ (Eq )
where Ak - M Q_’l-& f1_d¢€ e (Eq. 44)
. Chs ! I v Z. )

The variation ofr pPitching velocity with elevator hinge moment
may be arriveq at by a simijjap method.

Wi d€ € w & {-Z_&g_
52 Ch e [BO-4) w3 u + ] (ka. 38)
Cy .
Equationa ¢ and 7' pay now be rewritten as
Eq. &t
([_\)—ZW)),\/_Lii - o (Eq )

— (DOM3 ¢ M, iy +0-M )q - éﬁé {(,,— Ch, f\:é (,-Ji)ﬂ_é Dw by QL]} .

Equation 45 may he rearranged to eliminate terms in\rolving
¥ and q on the right hang side, and ¢ may be eliminateq between the

eu ' I\/l ,O
?"L‘l”"“'rfé S SR (Fa. 46)
g

where bt ang k1 are defined by equatiops 41 snd 42,

¢
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The response of the alrplane to a given elev:tor hinge noment
f.as now been shown to be
[

Yr -+ ‘Y/lv .‘): \JM"V ?L“" L1}‘
C
| he (Eq. 49))
oL 10 . M
e +b7 + _fe ¥ 7 3 } i !
‘)‘- [4 CHA i 2{4 C/h)
: (Ea. 46)
bt~ L, ab=- 2“”1?*[/”‘74?%"'4 ﬂ('-f‘)é]
e (g
h.-f U dof (Eq. 41}
R L A SV Y:
i’ /1 2 QC*</—3J '-I—-t7'~}]<:\-t' 43)
' ' =

where € = £(t)

Equutions 40' und 46 are exactly analogous to equations
16 ani 24. Therefore the response of tie uirplane to a sinusoldal
elevator hinge moment may be obtained by analogy to equations 32 and

34. The desired equations of response to a4 sinusoidal elevator hinge
noment are then

- e R _I / _ ’_" N
N \~“\_\£L__—~—‘l-———"“"’ Sinlwt + Tan _'__Li‘z/
N e : V- (Eg. 47)
Cnl G VA 0™ ')
T — voo2y
S =May 2, 0% S/».[wt el (- )*Zw‘b'uj
L Cn L i-w?)? +(Brw)® k—zw(/g—wl)+/,fu“ s
vhere Ch = /(—‘;/ 540 wt .
)

A
The reaponse to a sinusoidal elevator hinge moment coefficient
has thus been found to be similar to the response to a sinusoidal elevator
angle. The atability coefficlents, k and b and k' and b', differ from
each other by increments defined by equations 41 through 44.
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Variation of Horigontal Teil Load
Durins the Steady Osziilation

The variation of the horizontal tail load during a sinusoidal
oacillation mey ncw be calculuted (bused on the assumptions inherent
in the equations of motion given by equations 6' and 7') from the re—
sponse equations derived in the previous sectioms.

-

Tie incremental tail load coefficient at any instant is

CNt Mo Ad_t (Fg. 49)
whers Ao, = A“‘A'f'.l*df!qj+ci_-_(‘f + NS (Eq. 50)
A?(t:‘d(,_rj_é‘)+4_'§ whe 9% 40 (Eg. 50')
v EES da U U "J
Then
[, € ke de .2 Eq. 51
CN*—5[<’ J«)W+U$W+Q&f+uhsj (Eq. 51) |

l Since n = Z,w, then equation 51 may be written

C <
-%:rﬁi[____'—a/f’“ n,h @_i+9ti+u7\] (Eq. 511)
Now assuming § = ;51 san Wt
From egquation 32
[} -b&)
n UMs & w SN (Q)f+ tan' L)
- L === i (Eq. 32)
31 fheer)t F G fise
or
2 = UM%ZVL ~eot) Sin wt -(L(—\)j Cos&){
1381 (k-ct)t + (bew)® [(K ) ‘(Eq 321)
Based on equation 32! )
ﬁ - UMgZy O 3y w{]
’gl - (K‘N‘)L+-(bw)z {(bw) Sin C\.,é +(K-w)C S (Iq. 52)
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Froa equation 34

-] iz T - & (<9
fl_‘ T Mg fZ 7 et 'wix.'f'wl tan :'Qr‘q'/i"zw'b? ] {Eq. 34)
(34 (h-e9* #pe) L wlk-ct) + b e

or
g Mg r To\ve .
) = -7 (K~t) ) : « )R-
T e

w (K=tt) + b )°"”‘{+(-(K¢JL) +3~bw)Co; cot J (Eg. 34')

The equation f‘orL ¢ (equation 51') may nuw be rewritten
5y

based on the values of n, A, and q given by equations 32', 52, and
34'. This results in the follo'im3 equation for the tail norzal force
coefficlent.

C”/f:’TiIUMs 250 e w?-)swwf—waosw‘f]
(7l v (K~Lu/ +(1,c‘)) L
i UM%J JJ(S(U )

e [(k ) Saw XY 4-(K—w") Ces w{]
K-eot)© +(p )

+ M !(1.

(2,, (k- )+kw)5,.v ot +(u(K Cv‘v+zw},d‘))C55QJ'Z]
U( Y -”qu‘ l

4 EUS»NC\){}

(Eq. 53)

An examination of equation 53 shows that it is of the form

Cng g [ {(cos wd + S sin w{}

Mt (Eq. 54)
(51 U

whe is the sum of the ceefficients of the cosine terms within
the bracss cf equation 53, and S is the sum of the coefficlents of the
sine terns within the braces of this equation.

It is then finally possible to wrie the equation for the var-
htion of tail load during a sinusoidal oscillation of the elevator as
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(Eq. 55)
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N (R-cot)t + (b w)? (n- \)Lfkbh“' (K - ¢ S (bw>7_ J (Eq )
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Eg. 57
L +(beo)t (K- +bof Eg. 57)
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VYariation of the Elevator Hinge Momen:
During the Steady Oacillation

As was pointed out in the derivation of the motion of the air-
piane corresponding tc a sinusoidal variailon of elevator hinge moment,
a rigorous treatment of this elevator hinge moment would include the
effects of the moment of inertia and mass unbalance of the elevator,
and the serodynanic damping of the elevuator due to its angular velodity.
It was pointed out, however, that these effects were of negligible mag-
nitude at the frequencies of oscillation which are being considered here
(¢ less than 10 radians per second). Therefore, it is poeeible to
represent tne incremental change of elevator hinge moment coefficient dur-
ing a emali disturbance ¥ the airplane by the expreseion

C—h :C#SS‘+C;‘xo<t (Eq. 36)

where

o(t.-[%f@_@;g)Jfg%&'w}ag] (Fq. 37)

or, since w = L
Z
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For a zinusoidal elevator motion,
S = A)5'-, Sin ot

und from eyuations 32', 34' and 52

UM B Tt (o) Cos et ]
151 (fH=co’) ™ Hbew) L (Eq. 32')

'/B == {‘Y\b?w‘ lkf)éluu){“’(K-—.L\ C05 CQ'(.]

151 (R=et)“pipel)? (Eq. 52)
l = Ms_ [( z.,(x- cv)+l>ca)5wwf +(C~J(I<-c‘)‘)
181 (k™4 beo)t (Eq. 349

de) Ces cq&./ ]

For the sinusoidal elevator motion equation 36 mey now be
written in the following form

C;, -~ CA S (N{ v C‘w( :j (U~MS (,.-_J_%.—“_). [(K-C«.)I)S'N @{ — beo Cos wf]
71" STEATE

€ b UM

..r
J"\ U’K ‘-bu/

l:(low}gw Ot +(K-eot)Ces cdt']
+ﬂ‘ Y)# bet)s et . Coseot
(Kec) “Hp o [(‘Zw““ thT)Sivat +(wK-a) + 2, b )Cos ]s

(Eq. 58)

Exanination of equation 58 shows that it may be reduced to

C"” = (' Cosot + § siweat

whzere C' i3 the coefficlent of the cosine terms of equation 58, and
8' is the coefficlent of the sine terms.

C hu { UMa (-£ )bt ‘)6 Qt""s“’(K )

C'= u[(x ) Hbeo)']

+ Ay Mg o s 2, (b)) ] }

(Eq. 59)
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APPENDIX B.

MOT10K OF AN AIRPLANE FOLLOWING A STEP DEFLECTION
COF THE ELEVATOR, AND THE MOTION RESULTING FROM AN
ARBITRARY ELEVATOR MOVEMENT.

Introduction

An snalyeis of the equatione of motion of an sirplane in
a vertical plane following movement of the elevator was made in Ap-
pendix A, and this analysie was extended to include the steady reeponse
of the airplane to a sinusoidal oscillation of the elevator. In this
appendix the general equations of the motion of the airplane are eolved
for the case of an inetantaneous (or "siep®) deflection of the elwvator.
It is then shown that the response obtained from this eolution may be used
in conjunction with the Duhamel integral to obtain the moiion of the
airplane following any arbitrary time hietory of the movement of the ele-
vator. A generally similur treatment has been nmade in reference (12).

Response of Hormal Acceleration at the Center of Gravity
of the Alrplane Fcllowing a Step Deflection of the Elevator

Az nas been pointed out in Appendix A, the change of speed
which occurs during ordinary movements of the elevator has a negligible
effect on the motion of the airplane, and it is therefore permissible
to reduce the problem to one of two degrees of freedom. Based on this
aeeumption and assumptions common to the analyeis of the dynamic sta-
bility of airplenes (see Appendix A), the motion of the airplane hae
been ehown to be

nrbirin - UMgZy§ (Eq. 1)
T+bivka - Mo(T-2465) ' (Eq. 2)

. where b = —(Z, rliq+UMg) (Eg. 3)
Kz (T - Diy) (Ba. 4)

and cf—

The definition of eymbols used in equations (1) tarough (4)
may be found in Appendix A.

£(t)

It will be assumed that J = O for all values of t<0, and
that J = d7) for all values of t$0. The solution of equations (1)
and (2) for n and g will now be found. Since the traneient of the
resultant motion ¥a of importance in this case, it is necessary that
both the comp'ementary and particular solutions of the equations be found.




Equaticn (1) may be rewritten:

(0P+ BD+k) n = UMg 2, 6, (1)

Tie

complementary solution of this equation is of the form

S 1 4
.o Cler't“f C2€

where ¥, and ¥, are roots of the equation obtained by
placing the right hand side of equation (1) equal to zero and sub-

stituting &
e 2z
61

e

The

The

n =Ge
In
differentiate

into equatiun

1= B

on
'™

for tne operator D.

=
= b +Vb -4k
2
- -b- Vv -4k
2

particular integral of equation (1') is found to be

g2y &,
k

conplete solution may then be written:

N 7/ P4
23 Vitaik t+Cze:b—'—g—"-45 t 4 WsZy (g, 5)
k

»~der tu ev luate the constants C, and C,, equation (5) is
¢, and tiie w.own velues of n and i at t = 0 are uvubstituted
(5) and its derivative.

b+ b:-egg & i ~b+7'b2-41_: ¢ 4 2 —1bE~E ___?2]&

when t -0y 0 -0 andn=0 &

(B =

&

&1 53
0 at t = U since there is no incremental force acting

along the & axis at t = 0. This is.true only if z‘ Sl_is of negligible

- magnitude. )

By placing these known boundary conditions in @gquations (5)
and (6) the cmstants C; and C are found to be
Cp = Mg Z, ("’“‘”5 "”‘) (Ea. 7)
2V 4K
Gy = —UMSZW( bwp M) (Eq. 8)

L YIT-aK
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Subatituting the resul’s of equations (7) end (8) into equation
(5), tue solation for the time history of the incremental normal acceler-
ation at the center of gravity of an airplane following a step deflection
of the elevator is

gt (E=ahk ¢
n_uMmg 2z, ¢ - e"‘t[(b*"“"’“)f - (-l e ] }
[ 2 Y -ak . (Eg. 9)

The term outside of the braces of equation (9) is the steady
stete response, and the terms within the braces contain the trensient
effects.

P

If the short period motion of the airplane is less than cri-
tically damped (as is frequently the case), then b“< fk. Equation (9)
may then be written more conveniently by making use of the transfor-

mations TR .
e+1ﬁ!‘z‘ét - Cos “_-—-5“2"’ t + U sin V___-“‘z'b t
KB e : VAR

amd o~ ‘T3 ¢ = Eo§ i’—'—‘l——k‘f — L SN _f_K_z:_—f

Equation (7) may then be rewritten in the foru

n_ -h'{ bSDN————— J
02 UMGEy (oo Moo s BEE L4 2 St LL) (5a. 10)

By wmsking use of the relationship
A cos©r B sing- YA? + B2 sin (G + tan ~* A)
B

equation (10) may be further simplified by,.combining the
cosire and sine terms into a single sine term when b < 4k.

.=
=

UMK:Zw[' g e'h‘t 4Kb‘ Sw(_.____*i’("‘ t +far;'[z1—;t)-
6

( 2 Eq. 11)

= .

If the airplune is more than critically damped (b2> jk) equa-
tion (9) may be written most conveniently in terms of hyperbolic func-
tions by means of the transformations

VIR WETR ¢y s TR ¢
: = ¢ 2

e——ne

e k™

_bL-QK ~ Vb."-4K
d = 5 é_—:CosH b;4Kt-SINH —E—-f
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i-. . E Y }’m£ L. - ]/m
s M i

By making use of the relationship

A cosh ® + B sinh6 = }/32 - A% sinh (€« tanh ™ A)

w

equation (12) muy be further simplified by combining the
cosh and sinh terms into & single sinh terns wnen b*~2> jk.

-kt fgH | = B ]
_UMs 2 (IR T AR bt YAk }
£z 'H’ e Yprpu[ s nl TR+ fanh” ey )] (Eq. 13)

¥hen b2 = 4&, the motion corresponds tc tbut of critical
damping, and equation:(5) is 6£ the form

. .
%1: (c.rcit)e * + “—M—,:Q (Eg. 5')

2 Based on the initial conditions that, when
L
t=-0,n 0andn =0
) o Y
1 : 1
equation (5') reduces to

e %1=9—@W‘Zi’[l——e'%t(/+ kt)] (Eq. 14)
N

Response of Pitching Velocity of the Airplane Following i
Sbeg Deflection of the Elevator

’ - For t> 0,6« gl and § = O.

Therefore equation (2) may be written,
(D' +b D +K)g = ~-MgZnwt, (Eq. 2')

By the sume nethod used in obteining equation (5), the
complete solution of egquation{2') §a found to be

b +VF-FR 3 -b-{F %K
% zc,e 2 e, e z t_ "_"JK_Zﬂ (Eq. 15)
1
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The derivative of equation (15) is
b ryETd Ry -b—Vf"-‘”‘t
2
. 2 b
& 2 (Eq. 16)

wien t =0, g = Oeand g = Mg
by ® 3
Tne above boundary conditions, when substituted into egua-
tions (15) and (16), yield the following values of the acnsieanis

Cy and Cy : :
H VBl 4K |
e = Mp2e @, &b Woeon (Eq. 17)
‘ K 2 Vo -aK
K T
R 4%e s TLLES Ca Ly (Eq. 18)
K 2 P-4k

When the values of C) und Cp from equations (17) and (18) are
substituted into equation {16), tne f.nal form of tue resultant expres-

sion is V ) B )
7 At Ak ) T (b WK 2k ) e ® ] %
?’:- —ﬁ—'—v:’ I— E 12
SL K : 2 [y ( Q- :)

*

Now, replacing the exponential terms within the brackets
of equation (12) by their trigonometric equivalents, equations{19) may
be written in the following convenient forms.

2
When b < Ak WP
: : 2K k-t ¢
Lot i oMo R (o BT
5 K ot Vak-3* . (Eq. 20)
OR
aYuK bt
wtnf St GRS ¢ MR e T ) '
%: j—-»[ -& ‘-IK e HV(‘H b+ e (Eq' 21)

or
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—— o ] -
bt b+ ‘-f ) = /r'i.-"—‘iKJH’ran' jhi=aie
~ - Sran 7 [

Vihen b2 = 4K, the mbtion corresponds to that of critical
dumping, ani equations(1l5) ia of the form

: R
% = (e, + Cat)e F Mg 8o
2 a 2 = - S e £q. '
5, C / " (Eq. 15')
and with the initial condition that, when t = O, 9=0,9=Mg
61 61
equation (15') reduces to *
4 Mg 2w -kt (b_"—I\{.)J
Lo o -MaEef, LTt (B + ) (%q. 24)
$) “ L

Eguatlens 11, 12, 14 ana 21, 23 and 24 give the most convenient
formg [or thi¢ varistion of the n and g responses to a sten deflection of
~he elevator for a:l ncssible relationships of b and k. Similar equa-
tions for the change of angle of attuck of the airplane (which is similar
to tue change of n) following a step deflection of the elevator zre given
in reference (12).

Response of Normal Acceleration at the Center of Gravity

and Pitching Velocity of an Airplane Following a Step
Applicztion of Elevator Hinge Moment.

Based on the assumptions trhet the effects of the moment of
inertia and the mass unbalance of the elevitor might be neglected, and
that the hinge noment due to the angular velocity of the elevator is
also negligible, the equations of motion following the application of
hinge moment were obtainsed in Appendix A.

s e e k' o= UMW oop
Ko pA kK e (Eq. 25)
g rbq +Kq = '(V—'i (eh=Z= Chi (Eq. 26)

where C = f (t)

and «' and b' are defined by eguations (41) and (43) of
Appendix A.




Tne assumptions stated above are obviously violated during a
step deflection of the elevator. However, the effects of inertia and
damping wlll be appreciable only for a small time interval near zero,
and the above equations are probably sufficiently accurate for the étep
application of small hinge moments. Furthermore, the theoretical re-
sponse to a step application of hinge moment is useful for determining
the response to an arbitrary time history of hinge moment by the Duhamel
integral. (The use of the Duhamel integral is described in a later
section of this Appendix.)

Equations (25) and (26) above are mnelncaus &= 2o tlong
(1) and (2). 1t is therefore possible to write e equation of the,
resyonse of the airplane to a step hinge moment by direct analogy to
equations 11, 13, 14, 21, 23 and 24.

When b12<.4k'

(T o )]

n UMz N YT
G ,AsK,w [“e : b (Fq. 27)
hadiis §
—— LS k
QU MgZ. [,_C {y/,,\b+zbi“) ,,,_K_:E{Hm , _i )] (EG. 28)
LAI‘ CD—SK‘ A T - 2w

When b'? » 4x'

-& T2qK 115 7K
A (s )qK S )] (Eq. 29)

2 Chg K’

—E ’ T e K
1 Mng r|‘€ lf\(b‘f 7-%/-:4) -1 SINH<E{++("7 _P\__ )]
2

Ckl:ﬁc_l\:_}{’ L F- 4K (Bq.. 30)
¢
Fhen b' = 4!
n V] SZV\/‘ ’%t/'-}- b’—t)]
Nable vy e Q T (Eg. 31)
Chl (_‘18 K
B i e s
Q/:_bf\_i—-jl’t,_e <|+(1+£“)f)‘] (Eq. 32)




Airplane Mo*ion Following en Arbitrarv Time History
of Llevator Movement or an Arbitrury Application of
Elevator Hinge Moment.

Having obtuined the solution to the response of the airplane
followling & step deflection of the control, it is now possible to ob-
tain the response associated with an arbltrary movement of the control
by the use of the Duhamel integral. Thics method of obtaining the res-
ponse in the general cuse of control motion has been poipted out in
references (12),(l4), and (i7).

By tne Duhamel integral (the derivation of which may be found
in refenmen~cf183 3 Lic desired responses to an arbitrary elevator mo-

tion are
d - ey o= (FEE R g 7
o015 7 S+ D HEDIT
t
t)- (¢ 0 (t-g - (tdsy D i) AT
nit)= Tt J)dSU)-Ld—/J—_U)sl (¢-7)d7 o

¥inere q(t) and n(t) are the desired time histories of pitching
veiocity and normal acceleration,

and

&Ry <47
4

d$ (7) ts the variation of 9 ity times
5 (
d{J) 1s the variction of elevutor angle with time.

77 15 the varistion of <§ with time.

It is assumed thet § (0) = Q

An alternate form of the Duhamel integral mazes use of the

regponse to a unit impuilse, 3, and a (ﬂ.) , rather than the
t\§

response to a unit step application of the control. In this case the

resoonse is glven by

) = [tse; [jif@;)] (t-7)47 (Eq. 35)

nw = s [$.G)](¢-7)47 (Ea. %)

Equatione for the response to an arbitrary application of
eievator hinge moment are obtained simply by replacing L and < in

=t

equations \33) through (3) by 2 and 3 . 1 53
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A Bimple graphical method of obtalning the solution of the
Dunamel integrul is given iu reference (1). In this method the given
elevator time nistory is divided into equal increments of deflection,
and the alidpoint of each of the resulting tise intervals is noted.

\\

The response to & step deflection of the elevator of the
criocen magnitude A § is computed by the nethods described earlier in
this appendix. # cardboard template of the computed response to the
ste defiection A G, ~ay then be cunstructed. The origin of the tem-
plate is piaced at tuc midpoint of the first increment of Af (at time T' }s
and the ordinate of the template is noted at a number of values of 7 .
The template is then shifted parallel to the J axis until its origin
is at ‘Jul . The ordinates of the template at each of tue previously
selected va.ics of ’T are tnen added to previous sum of the ordinates
at each ol these stations. TuLis process is reeated throughout the
duration of tne control movement. The template is inverted when the =
increment of elevator qovement is negative. Airplane response azy be
ovtained rapidly and easily by this method.

Tie graphical solution of the Duhamel integral may also be made
using a template constiructed according to response data which have been
obtained experimentally for a given airplane by measuring in flight
the response to a step deflection of the slevator.




APPENDIX C

DERIVATIOR OF CIRCLE [<JAGRAM PRESENTATION
OF AIRPLANE RESPONSE DATA
DURING A SINUSOIDAL OSCILLATION

Introduction .

It is shown that the form of the equation for the change of normal
acceleration at the center of gravity of an airplane during a sinuscidal
osoillation at constant epeed is such that a polar diagram of the amplituda’
of the time rate of change of normal acoeleration per degree elevator de-
flection (%V]{,) plotted as the radius and the pLase Jifference between 1
and & nlottmd as the polar angle will form a circle which has its center
on the polar axis, and whioh passes through the origin. Although the pitch-
ing velocity data cannot be plotted directly as a circle, it is ghown that
these data may be transformed so that they will also plot as & circle. The
circular form of the data is useful for several reasons. The lmown geometric
shaps of the plot facilitates accurate fairing of the experimental points,
and, as will be shown, the calculation of b and k from the circle diagram is
very simple. Additional information concerning aerodynamic parameters may
be obtained from the diameter of the circle.

Various electrical circuits show frequency response characteristice
which may be represented by the circle diagram when these circuits ere excited
by a sinusoidal forcing function. For this reason the oircle diagram has
been ueed in the electrioal field for meny years. A desoription of this
diagram as used in various electrical applications is contained in reference
(7). However the existence of a circular polar diagram of airplare response
characteristics may be shown most directly by analytic geometry and without
reference to an electrical analogy, and this approach is employed in the
proof which follows.

Circle Diagram of Normal Acceleration Response to a
Sinusoidal Oscillatlon of the Elevator

From Appendix A, (Bquation 16'), the expression for variation of
normal acceleration at the auirplane center of gravity ig

:1. +bﬁ + kn -@HSZ')s . . (EQ- 1)

where the above quantities are defined in the list of symbols included in
Appendix A,

If §=/%/. sinwt

o E_r'x_+.lén_-mlaz,, sin wt (Eq. 2)
1&gl Isl /8l

From the solution of (Eq. 2) (see Appendix A), the response of
normal acceleration to a steady sinusoidal elevator motion is found to be

D = UMy Zw - sin («wt + tan-l -ba ) (Eq. 3)
T At o o

¢ ; d tan-1l -b W .4
whers ”% = {phase angle between n and § ) = tan — (Eq. 4)
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A
By differentiation of (Eq. 3), .
i = . UM, Z w ¢> cos  (wt + tan=1 T-('b_w_wz ) (Eq. 5)
181 4 (k -«2) + (b))

Since cos X = sin (X t -Tzr-)

G . I _ tan-1 "
/‘?/_ ‘L/‘(K'GJ")%(bw)’-, €0 1R (% o 1 -,%L);) (Eq. 6)

But L _tan-1 x ,tan'l.}(_ therefore,
<

e Bt in tan-1 Mozt
[ v e N CAR R AP

Factoring out the circular frequency, w,

2 s 1o F s -1 Bw
rSQ-, Wﬁﬁ?— sin (wt + ‘tan 5 ) (Eq. 8)
and

o
¢;) = tan~l LWt (Eq. 9)
(2} b
Compearing ¢”8 and érgb from {Equations 4 and 8),
¢ﬁé = ¢"b + ‘]21:' p (Eq. 10)

or the phase of the "velocity" (first dcrivative) vector may be found by
adding 50° to the experimentally dotcrmined "displacement" voctor. (From
the form of (Eq. 1), n is analogcus to the displacement term, © is analozous
to the velocity term, and ¥ is analogous to the acceleration ‘ers ¢l the
familiar mass-spring-damping eguation).

From (Equations 7 und 8), the maximum value of‘!-l?.L,- is obtaired when
sin (wtf(,b,g% ) is equal to 1, and its value is &

L e e S

Similarly, the raximum value of TET is obtained from (Eq. 3).

_‘15_1‘_ ="/_Ek-w*)*+(bw:‘-r (Eq. 12)

Comparison of (Equations 11 and 12) shows that

2 -
i . Eq. 13
51 T%T (Eq )
where T%. is obtained directly from the experimental data.
K.
Since (Rg. 9) tan &
{ ba, = ;..bm
EasRierer s h (Eq. 14)
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The maxinum amplitude of TEI at a given circular frequency may
then be written by combining (Eqs. (1 and 14).
B = UMsZE. Cos ¢
H 3 P (Eq. 15)
The polar equation of a circle which passes through the origin
and whoee center lies on the polar axis is given by the equation.
reDcos 8 (Eq. 16)
where r is the length of the polar radius, D is the diameter of the
oircle, and © is the polar angls.
o i
s It is seen by comparing (Eq. 15) with (Eq. 16) that a polar plot
of B~ and will form a circle having the diameter UM, Z
BT = %, : UNinZ
AT e
g N
/.
e B
’\ - |
R
sz -~
II A
o Inspection of (Eq. 16) shows that -'QT is a maximum when cos¢;; a1,
Thus T&gf— is a maximum when ¢;,6 = 0. 6
” 8ince, from (Eq. 9), tan ¢ﬁb = .ﬁb;ﬁL , then ¢o = O when 50""0"' o,
k =z e,* (Eq. 17)
Therefore, the stability constant k may be found from (Eq.,17),
where . is the oiroular frequency of the oscillation at whioh the 15 vector
beoomes the diameter of the oircle. (Natural frequenoy of the system.)
To find b, let Py = + I
From (Eq. 9) and the above
tan ¢,g8. S el
g (kq. 18)

ba zﬁ'n-w‘
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where k has been obiained from (Eq. 1¥), and &' is the circular
frsquency &t which @3, =4I
& 4

The use of thu circle diagram thus not only is an aid in the fairing
of the experimental cvate, but alio permits rapid and simple evaluation of the
desired stability constants, b and k.

Additional ‘information may Le cl'tained from the circle diagram by
recognizing that the diameter of the circle iz UM 'tz w and is also equal
to 1£'. when ¢y = W, *

&, may be evaluated from the expression

n%a ) «7“_—“‘%'1 - (=)

Z. is known to be usually negative, and this sign may be
fixed by inspeotion. ’

Since b has been determined from (Eq. 18), and U and TE‘— are

¥nown, the value of Ha may be obtained.

(See Appendix A)

>

When plotting the data, it may be found that the circle which best
fits the points is not centered on the polar axis, but liee on a line whioh
passes through the origin and forms an angle /A. with the polar axis, The
possible oauses of this rotation might include an aerodynamic lag between the
deflection of the elevator and the development of the forcing moment, or a
phase relationship between the true and indicated elevator angles. It is
believed that the latter factor has been completely corrected for. However,
no satisfactory explanation of this phenomenon has been arrived at at this
time, and additional work must be done to find "the cause of this characteristio.

When the center of the circle is on a line inclined to the polar
axis, this line is used as the basic reference for determining k and b, The
assumption is made that the observed phase shift does not vary with frequenoy,
and that the data plots as a circle about the displaced reference axis.

Circle Diagram of Normal Acoeleration Response to & Sinusoidal

Application ol Elevator ilinge Noment

In Appendix A it was shown that the response of normal acceleration
to a steady sinusoidal application of elevator hinge moment coeffioient was

Tgﬂ- : Chy UA:-i'- *+(b'w)* sinfwt + tancl (-ﬁé%J] ey

Comparison of (Eq. 19) with (Eg. 3) shows that the two expressions
are of identioal form, except that the amplitudeeterm of (Eq. 19) has boen
divided by Ch. and primed values of k and b have replaoed the usual values
of k and b of "(Eq. 3). (See (Eqs. 41' and 43') of Appendix A for the defin-
itions of k, b, k' and b'. )

It is therefore possible to show that & polar plot c¢f l and é"'c
will form & cirole similar tc that formed by the ...ﬁ,r data, and t Rt the h
diameter of this circle will be %Mn_z_pr . |

"s" A

65.
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‘ponsidered to be defined when 1Cyl

66.

It should be ncted here that, if the amplitude ratio Té}— is

tnfeot + tan-1(R9 N [=/, then B = — UMpZ\y
snz AN T2 )] Shan A Chgﬁ/(l( w‘l);'f(bj:_

Since "5 By, 8nd Ch are all usually negative, the amplitude ' will
usually also be ne gative. Also it may be seen that the phase ang;e

= -1/ -h
d)h = tan ?é:gul)‘)

Ch
varies from 0 to - &as wvaries from O to oo . Now, since ¢"°h = ¥ng = I,E J
the value of ¢n varies {rom #II to - %F in the first and second quadrants.

The circle diagrd% resulting from the simultaneous values of positive polar
angles, and negative polar radii lies to the left of the origin, and resembles
the —4i— circle diagram rotated through the angle T . (Exactly the same
diabram would be obtained if the phase_were determined between the positive
value of 5 and the peak hinge moment IChI for in this ca.e the phase an;les
would be TI greater than the phase angles determined above, and the polnr
radii measured along these lines would be positivq}

The values of k* and b' are found from the hinge moment circle
in exactly the seme manner as the values of k and b are determined from the
elévator deflection circle. The required relationships are given by (Bqs. 17
and 18).

Method for Obtaining Values of k and L of Points Which
Do Kot Lie on the Circle Diagram

A semi-empirical method for sorrecting the values of k and b of
points at particular frequencies which fail to lie on the faired circle by

a small distance may be arrived at in the following manner. .

N
,'Q(/QTQ P
e
P

(' - .:}(-,;,-5

-~

Let the subscript ¢ denote the properties of points lying on
the circle, and the subsoript p denote the properties of the point P,

8
kg and by (the k and b of all pointe on the circle) are obtained
from (Bqs. 17 and 18),

[ on a new circle, and compute kn and

Assume that the poin
eri tte known circle.

nt P lie
b, in terms of the characleristics of t

\
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From (Eq. 15): .

s UMsEw o X3 (Eq. 15)
i3l b 6

Assune that UMg Z,, is the same at point P as it is on the circle.

Then, for e given value of ¢'%5 >

" {/;g_
& "‘%:‘ (Eq. 20)
[ f
'\Er/c °

(gq. 21)

_
bp = 87 bc ‘ (Eq. 22)
From (Egq. 9):

tan ¢r‘) e & -w
[} b

~ .
for & given value of ¢':’5 N

Now,
K
o "

Ko _
—f~'° = Zve Ze (Eq. 23)
P be .

Kp _ = b Kk o
_w_i_ Gl f(‘&)‘?'(‘)c)=‘sl(/’f):'wc) (Eq. 24)

where &' is defined by (Eq. 21).

£q. 24) may be writiten in the form

_f’% -~ @p =b @' tan 45;,6 (Eq. 25)
Then .
Kp = wp(bc 8 tandy + ) (Eq. 26)

Therefore, the value of k and b of points which deviate from the
circle diagram by a small amount may be approximated by the following relations:

bp = 6’6 (Bq. 22)

Kp = Cp (bc 8' tan ¢'§b + wp) (Eq. 26)

-




69

where the subscript ¢ refers to the circle and p refers to the 1

i

point.

v

8’ (/’!) 1A
AT

(both taken at the same value of‘#n:b).

Ste

Cb%;is thie circular frequency at tlie point being considered.

b, is obtained from (Eq. 18).

4¢ is tho phase angle between the reference line and the
©

Circle Disgram of Pitcning Velocity Response to A
inusoidal Oscillation of the Elevator.

It is necessary to perform certain transformations of the
pitching velocity data in order that it will plot as a circle diagram.
These transformations will be derived below. Howevlr, further geo-
netric properties of the circle will fir3t be iiscussed, and these oro-
. pertles will ve used as & guide fur ceieccting the required transform-
stlons of the pitching velocity data.

(Fq.27)

T &) (Eq. 29)
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]

)
theretore oz = (Eq.
Vit fah®a

snd  rlces @=r (Eq.

Now consider the form of the equation of rate of change of
pitcuing velocity per unit elevator deflection during a sinusoidal os-
cillation.

From the equation for pitching velocity (see Appendix A4),

b T -t O™ Z

i_M, éﬁi"—I\{;N(cdf-}.{-ah' (‘)(K“)*f.”"bc‘i) (Eq.
1517 K-t e ) =2 (e + bew

The rate of change of pitching velocity is obtained from
equation (31) by methods similar to those employed in obtajning equa-
tion (8), ani is found to be

i = M ——,__z“'l te L s (wof +fan! 28ulhed) b "
HE G ( -eo(i-at)-2,, bes ) =

Using the relation ‘f}'(fh (g(+(2): ’}'"“X + tan 8
g I-tany fan@

equation (32) may be rewritten
1\45

———

€1} ,,L/x,w_-_f,)
Tk

¢

= TS s w(eod e %_;_“,L touw 2y
l b vy

L s e i o sesin
I OC= QL sl el B2 a2 ) s

Kow, from equation (9),

b

and let 5l . 4(“‘4'
—ZV\/

where 4,': ?(;; - &2

The rate of change of pitching velocity then takes the form

29)

30)

31)

32)

33)
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€) b fan 9,
gl o Fan s,
From the xnown characteristic that the product of tvo vectors
is obtained by mulf{iplying their amplitudesr &nd adding treir phases, it
will be seen that {, may be considered to be the vector product of the
two vectors, o
i LT
*MsZw and _Vl.’_ +{(P11#'
b " + tae 3;‘8
rotating at the uniform angular velocity <J .
The amplitude of the rate of change of the pitching velocity
is
- .
T o e (i ferd
~ BT dot B (Eq. 35)
/b’ flftra 2
Comparison of equations (29) and (35) indicates thst, if
equatlion (35) is divided by the vectorY +1:n§', the resulting vector
wili form a circle as the frequency of oscillation (ani, therefore, 4’;, )
is varied. b
___+ ._:_w _ /
|+ dantd = ETF T Lomiey (Fq. 26)
.V 7£ haj(‘fnr "i’w)
q - (N M _Zv\/
Lot e - (Eg. 37)
Ib’ -v’++‘(h14‘:"$
or \
=8 M 2
3 e My €w
. Cos (f"h ~Z.~) NS s e (Eq. 37')
I51 b‘\/lﬂv“f,:s

Equationa (37) and (37') are analogous to equation (32).

Thersfore it has been demonstrated that the pitching velocity
chargcteristics ure analogous to the quantities used iu equations (27)
through (30), where the correspondence is as follows.

14
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Tne circie diagram of pitching velocity duta may be construc-
ted graphically by the lollowing nmethod.

1. Obtain i and +?'S at a given frequency frcm the experi-
151

mental data. (This may be done by multiplying the amplitude
of the nitching velocity'data by ¢J, and by adding 90° to
the phase of the pitching velocity, or by multiplying by
ani adding 180° to the corresponding characteristics taken
from pitch angle data). Plot this vector.

2.  Subtract +a "W ‘ﬁz“' from the vector of step 1, and draw a
~Ew
line froa the tip ol the vector perpendicular to the line
8o determined. Tre interzection between these two lines
will be a point on tke circle.

- Exanination of the equation of "-"f) indicates that it is similar
10,2, in that the amplitude will ueually be negutive waen sin (C\)/+47)= 1.
Teis"Characteristic nas veen described above in tune discussion of the ®

Y;/— gircle, and it was shown that the [i-circle lies to the left of

o Chpl

the origin. From (Ey. 32)

-
]
B
]
-
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™
|2
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o
t
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A
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*
o
N
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»

and this angle varies from + 'TZ to O in a positive direction ascJ varies

from 0 to cw. Also tan-l = varies from 0 to + " in a positive direction
a8 c¢J varies from 0 to ceo. Therefore (-fq's - t,an‘l_-‘—‘i) varies from +757_
to -T through the fiist and second quadrants ascu vdries from O to ? .
4

Now, since cos (tan &2 =/

_-{I)‘is usually pozitive and (a8s noted above)

i5 usually negative, thelr product will be negative, and the resulting
vectors of tie circle diagram wiil lie in the third and second quadrants.
Therefore this diugram will ba on the left hand side of tae origin. e
sane conclusion would have been resched if the positive amplitude of J/lil
and its essociated phase had been considersd, for in this case each phase
angle would huve veen 180° greater and the polar rudims would have been
negative, tiius forming the same family of vectors which waz obtulned above.
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The construction of the circle frem ¥ and#’}' is shown
grapuically below. N
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ircle Diagrem of Pitching Vc locity Response to A
Sinusoidal Application of Elevator Hinge Moment

The vgriation of pitching velocity due to a sinusoidal uppli-
cation of elevator hinge moment was shown in Appendix A to be

9 - My [—Z—_——Lﬁ-— cot + ta n WKt b
L~ Chg V(" eI G’ L 'ZN(K'-Q‘)M’CJ")

(Fq. 38)

Compurison of (Eq. 38) with (Eq. 31) indlcater that q,/cwis
identical to exceo* that the amplitudé of the oacillation is divided
byC,,% , and k' and b! replace x and b.

q 7 ani#é will then plot as a circle if the same operations
are perfdrmed on tncae yuantities which were performed on andf’é
Tie diameter of ine resultant circle »ill be = MsZw | S{ice both H5
and Chg will usually be neggtivs, their rutio Chs  will be positive,
and toe circle diagram of /-yos( tan -1 <) ) and (¢ - tan~i
will lie to the right of | Ch
the origin.

—Zy

iy



APPENDIX D,

METHOD OF ARALYS3IS OF SIRUSCIDAL OSCILLATIOHN
DATA TO OBTAIN STABILITY DERIVATIVES,

Since the squations developed in Appendicee A and C have been
found to satisfactorily predict the experimental responses, a means is
desired for determining from the experimental data the various derivatives
involved in the equations. The purpose of this appendix is to ocutline
a method of analysis of the measured oecillation data to obtadn the air-
plene stability derivatives.

The process is one of attempting to 1solate the individual
quantitles as much as possible,,

The steps are as followst

1. Obtain 2y vs. () from the amplitude ratios of € and n.

& e (M2 ,)0

— e T e

7 U«
2. Cbtain ¥ . frox the diameter of the %}} circle. Diam. = Lﬂfﬁ%g‘“

°
3. Obtailnchs from the dlameter of the (:7/.—) circle, Diam. - (i”/"o_i:/_
: 3 Wracp),
Ch -Dian, of 9?7c1rcla x b °
% Diam. of 4 circle x bt
Chl
4, Obtain values of k and b (fixed control) from the fg; circles.
5. Obtain values of k' and b' {free control) from the I_CE;/ circlee,
v

5. Obtain Ch, from the relations between fres control and fixed

contml  parameters.

Ch = brb)e By (i)

- T le Tﬁt e Jt‘ e
/CA‘ 4 @ i Z..)
A Obtain d € from the same relations,
d .
A€ _ b ~b
ix - M dgen !
Gy 0
8. My cannot be obtained from the oscillation date. Therefore it

is necessary to calculate thie derivative from either wind




tunnel data or from static longitudinal'stnbility flight test
data. ly may then be obtuined from the relationship

M: PU SE 2C 9 lm
© LTy gx 3,

ol

where J C_ is per radian,
a9

orMy = ¢ 2 2., 9%~
Iy 1CL

It is assumed that JC_‘Z‘_ ~ J_S:".
4 C, JC;

The value of 3C 7 nny be obtained from static stability flight
test deta Ey locntfng the fixed control neutral point. The
value of is then given approximately by 5

95;: =Cg — np
SC,

where cg 1s the locetion of the center of gravity
in fraction of the KAC,
np ies the location of the neutral point in
fraction of the MAC,

The value or'é ¢, Ay also be obtained by shifting ballast

in flight (thus’producing e known change of moment about

a given point) and noting the lift coefficient at which the
airplane trims with the elevator held fixed in its given po—
sition. This procedure may then -be repeated for severel dif-
ferent ballast locations and a ourve of Oy vs. CL at a given
elevetor angle will thus be defined,

9. Obtain Mg from the value of k.
Mg = k + UMy
2y
10. Obtain Mg from the velue of b.

My = — (b+ &U+!n)

Using the above procedure, the following stability parameters
have been determzinsd: k, b, k', b', &y, M, ch + Oh, and a€/do

If the value of My, may be found by othar methods, "q and My,
nay also be determined.

Uso




APPENDIX E,

EFFECT OF OSCILLATION FREQUENCY ON
TEE LIFT OF THE AIRPLANE,

& theoretical investigatlon has been made to determine stability
derivatives of a monoplane airfoll in steady sinusoidal motion by the
theory of an osclllating airfoll ar presented by Thecdarsen. {Reference (11) ),
The problem 1s that of the wing alone in vertical transletory oscillation
end rotating about an arbitrary fixed exis parallel to ite span.

For the case of an airfoll alone in vertical transletory oecillation,
the dleplasement of every point of tie airfoll cen be written as:

h = hne‘l'”“t: h, (cos wt rismed) (1)
end then ot 7
wzbzhitwe " h, (cusivet r (e Cosl)
Wz bz hgetettl h, Latcoset - tet s ot

The force acting on the airfoil in the two dimensional case as
derived by Theodorsen is:

L:og‘wlfi-arr?ubf.(ﬂ) & (2)
where L is pcsitive upward and ‘
£ 21/2 wing chord

U = velocity at infinity b
z reduced frequency = <22

c= F) + L Gx) .
Q:RZV‘I

Substituting in (2) and taking the imaginary part:
Loz oub (o) lE 4Gt Cos (wz_‘ +tan %7) +FTP b(=hoc0t)Sin ot (3)s

; S - &
. CTrf'UL\[—}-:“-r GF Cos (cotz ¢ tan™ -—E)

(4)
Lo = m0b* Sin ot \ (5)

For the case of an airfoll alone in rotational oscillation, the
angular displacement of every point of an airfoil can be written asi

L‘C«){

g = U, e =X, (cos et +E SNt ) (6)




1]

and then L
i:’;’\:)( (-;Q.::‘a (_.a._'.qf\;-t 4 el Gox (\J{/
> '_.'i 1 e i e e '\,‘é
gz X T - oe s, (-t CosOt —L et S
The 1if't force can then be writtcn: %
° . N
Lz Cb-umx~Ttmbad)+2mPUbCHQ (7)

3

where, for this case: Q=Ud +bB—-a) X

where ‘o™ s bhe cemter of rotation /H(J‘rﬂcliv"‘ oF ma.c —EL)
0 for an sirfoil roteting about its midpoint, Bugstitutlng

Letting a=
in (7) =nd using the imaginary parts
—— <A
L = o rud, fismt e Gt Cos (@l +fan™ 5 )
S, = T =
L2 T OUERX,YFEeGt Cos (et ~Fan” 25 ) (&)
S =7 /f
Ly = 27m00%b [Fira? Cos (ot -tan %) (9)
e . L e G
Lq = ¢ ELU‘IiHF/‘w* GY Cos (it + fan o) (10)
Z_c‘z o) (11)

-

Jones (reference (9) ) gives epproximete equatlons for Thecdorsen's
F and G funcgions which corrects the theory for applicatlon to a wing of
finite aspect ratio.

(5
i K= K (12)
2T F = Cp + €, Koert Tfa—r—',irqz_
27T Gz o-c, WK onh el
REbr™ = s

where Oo, C1, C2, r, and rp are constant.b depending upon the aspect
ratlo and K 1is the reduced frequency, C‘)_J. .

The stabllity derivatives, Z , 22, , 24 , and Z& , for a
monoplane girfoll in pitching motion and oacllluglng about Ats midpoint
can be determined from the preceding analysis. 5

C e e -l
2w -t cf&'-' VF%G cos (=t + fer” 95

2o = LT B Sim eat
eT v '
2o —‘f-rc[i% foF FFFET Cos (ot + tan” 7¢

29" a's)

76.




72,

where T = "/pus , @&nd F and G are corrected for finite aspect
ratio by (12) end (13).

The ratio of the amplitude of Z, for the oscillating airfoil
to Z., for the infinite airfoil in steady state has bteen plotted against
frequency. ¢’ , in Fig. 21a. For the aspect ratio and frequency range of
the B-25, the varistions in the magnitudes of the amplitudes of these
derivatives are smell enough to be considered negligible., Z, varies
less then 3% and Z_ less than 4%. The variation of the calculated
phase of 2., 1s plotted as a function of frequency in Fig. 23b. It will

be noted that the phase variation becomes appreciable at the higher fre-
quencies,

A more extensive study is being made to determine the variations
with frequency of oscillations of all the stability derivatives for the
entire airplane including the influence of the fuselage and tall surfaces
in steady sinusoidal motion.




(1)

%)

(4)

(5)

(6)

(")

(8)

(®)

(11)

(12)

(13),

(14)

(15)
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TABLE 1

Physical Dimensione of B-25J

Weight
Wing Area
Root Chord
Tip Chord
Taper Ratio
Span

Aspect Ratio
MAC

Looation of L. E. of MAC relative

to L. E. of wing at basic root chord
Airfoil Sections "
Root
Tip

Horizontal Taeil Area
Span
Chord, Root
Tip
Mean Chord
Aspect Ratio
Taper Ratio

Elevator Area (Total)
Span (one)
Chord
Wotion

Vertioal Tail Area (Total)

Tail Length
Moment of Trnertia about Y axis

26,000
610
154,60

64.24
<415
67.56

7.48
116.16
12.€8
g9.11

HACA 23017
NACA 4400R

i2.4
266
89.63
€1.11
75,87
3.71
.68

40.4
108.25
28.88
250
10°

91.0

25.9
60,000

Dimensions from reference (19).

1bs.
.2
in,
in.

ft.

i
in, aft.
in. above

£t.2
inte
13908
ik
in.

£t.2
in,
in,
up
down

rt.2

ft.
slug ft.2 (estimated)

20.
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TABLE II

Estimatad and Wind Tunnel Values
of Aerodynamic Data

dCf,au s 5.35
(¢ CL/M )t = 3.41
J C’“/do( = - .525 .
: CZS = -1.09
a f/d:y\ = 0.4b ’
()Ch/da = -.183
9 C%at - -.149

All slopes are per radian.

el.
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TABLE III
Equations ;f‘or Evaluating Stability Derivatives
Z_ - _df. (Cus
s Boad
ao zm
M.z dEm PUtsec
. Js [ 3N
M 30 9.6 Pili S ]
dis Doy gy
2
Mo s~ (35 ) de 05,1, -
&t dy EE q
/9 C [3
Mg = - L:)'o-k)t L Ve - My
;I —_ MW G
E k4
Ch = d Cm/c} 5
C = 9l
L :‘Zuf ‘M‘lﬁuM“f

ST S
e
/ €
o= Ko s S %—% )




TABLE IV.

STABILITY CONSTANTS DETERMINED Froy

CIRCLE DIAGRAMS (Figs. 6-16)

(a) Determined Directly from Circle Diagroms,

EaAs ! C.G. ! Determired frop 'ff; circles.
WPH | guac | 2 b e 2 bY k
L J 1/sec see I 1/3¢c I 1/sec 5
-t J Ve |3 —p s - o
175 [ 22 | 8.40 3.28 ‘ - ' - a.9;
"l 24 1 870 3.78 7.07 |. 2.5 7.62 J
* % | 6.9 2.30 T R 7.08 |
=l es ! 6.50 3.40 269 | 2,51 6.60 |
n 28 | g.92 3.87 3.06 | 147 6.55
n 30 } 5.20 4.3% 2,17 | 3.2 5.61
" 32| 3lg j 369 | 1.8 | 20 3.57
R 3.58 [ 2.36 4484
% § oam 2.61 2.13 2.65 | 3,35
200 | 2 | 12,25 4e55 8.11 3.48 1 160
71 Lt | 1170 I 576 3.96 3.68 | .08
’ e ———— e | — — — o SR— S— s
&

(b) Corrected to Standard Iy of 60,000 slug ft.2

Determined fron
E4S | . P bk £
MPH | ZMAC slug fi2 1/sec? i/sec | 1/seo? | /sec j 1/nec
175 | | 704 | a.94 | _ hﬂh? 7.42
n | 6.85 3.21 | 5,57 |- 2, 1 6.00
LI 7.20 | 2,38 | 7. [ - [ 7.33
"o 6.80 | 4.5 | a.g I 2.57 | 6.90
" 7.0 | 3.9 | 3 148 | 6.72
¥ 6.06 | 3.66 | 3.53 3.62 | 7.10
x| 475 | 2.2 | 33z 2.8 | 4.1
135 | 4021 [ 3048 | 5los 220 1 3.9
n 3.98 | 2.6% | 3l 2.7 | 3.6
200 | 10,25 4.-;)5[ 5.79 3.1 (12,20
. | 12.50 | 6.05 | 4 3.83 | 2.6

Deternined frop

[ SR WY

2 |

gy gy
L] Ll - -
T oy |
SO A |

g

.

£

'guqoﬁdg

by I

Determined
b
| 1/sac )
|
3.64 |
3.85 |
3.75 |
3.12 |
4445 |
<.30 |
3.03

5.62 !
5.93_f

3.25
| 3.08

4.72

from ?"

ﬁycircles.

5.2 |
2.60
.51

| 1.7
| 3.00
I 1.69

| 7.58 |

2.69 f

3.17

é/lilcircles.

k' bt !
I 1/3ec? ’ 1/sec

|

.11

2.31
2.71
2.55
2.58
2.53
2.20
2.92

83,

Y ————— e,

kt

1/sec?

3.72
3.39 |
2.77 |

65 |
1.45 |
2.45 |
1.75 |
6.32 [
2.86 |

bt

1/eac

|«




TABLE V

Experirental and Predicted Derivatives
From Sinuscidal Oacillation Data

c. g. st 257 MAC 10,000 £t. prassure altitude
- : - s
175 MPH. EAS 200 MPH. EAS !
Predicted | Experimental | Predicted | Experimental
{from faired (froem Flight
! curves Ve. C.g)- J- 8g)
- — + —e— DOV S S - —
K | 5.43 7.00 7.09 11.70
- 1 1
K’ ! 2.30 3.75 3.00 3.96
[ i
b ' 2.98 3.45 3.40 5.76
i o 2.10 2.40 2.40 3.63
Diam. of "?/scrrcle 47 .354 .700 .506
Do "}C/hc.rde | -208 -97 [-311 -156
dCmyyc, I - .100 == - .09 o=
! | [
M | - 8.366 - 6.71 - 10.94 - 10.29
| i * *
M., - .0135 - .0163 -.0176 - .0228
m  dCaa dlers
(ZLJ‘ f‘,*d‘z,_ !(ZJ‘Imrxaﬁ)
! Mg P~ 1.342 | - 1,702 - 1,753 - 2.9
Il .
‘ Mo - .00200| - .00166 |- .00262 | -  .00433
| i .
. 7 - 1.038 | -1.25 - 1,185 | - 1.60
wr [ ]
Chy - .0032 | - ,0059 [- .0032 | - .0051
o - .0C26 | - .COB4 - .0026 - .0o088
{ +
A€ /do .45 .67 .45 | 656

# (sed in determining Mq and i,




TABLE VI

Results frem Exj erimental Step Punctions

175 MPH. pas 1C,000 ft. Pressure altitude
|
Estirated|(}) | Slope
I ! °Steady State| When K b X b /
Y [0.¢
noe |

Corrected to stra.Iy

! - L. L
Slug pt.@ ¢/degree 1/sec. | 1/sec @ 1/sec. 1/sec.2 1/sec. f
| i {

60310 .187 1.304 | 7.25 3.28 . 7.29 J.29 |
i | |
48350 194 1.266 | g.7 4.25 7,01 3.66 |
1 i
54538 .241 1.140 I 5.21 3.28 9.65 | 3,10 | -
} 1 | .I
66850 237 .830 .16 3.92 5,75 4,22 |
M = ~6.71 x 60, 000
’ T
4 from experimentsl sinusoidal oscilla-
tion date (Table V).
Z = ~1.25
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